Mathematica 11.3 Integration Test Results

Test results for the 111 problemsin "6.2.2 (e x)*m (a+b x"n)"p
cosh.m"

Problem 37: Result more than twice size of optimal antiderivative.
JCosh [c+dXx]

X (a+bx)3

dx

Optimal (type 4, 262 leaves, 17 steps):
Cosh[c+dx] Cosh[c+dx] Cosh[c] CoshIntegral[dx] Cosh|c - %] CoshIntegr‘al[%+dx]
+ +

2a(a+bx)2 a? (a+bx) 33 - -

a3
d? Cosh[c - 2¢] CoshIntegral[2¢ + dx| dCoshIntegral[2% :dx] Sinh[c - 2¢]
b b B b bl |
2ab? a’b
A7 cs d
dsinh[c+dx] Sinh[c] SinhIntegral[dx] dCosh [c- aT] SinhIntegral| af +dx]
N _ _
2ab (a+bx) a3 a’b

Sinh [c - %} SinhIntegral [ % +d x] d? sinh [c - ad

?] SinhIntegral [ % +d x]

a3 2 ab?

Result (type 4, 614 leaves):
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1
2a3b? (a+bx)2

-3a%b?Cosh[c+dx] -2ab®>xCosh[c+dx] -2b? (a+bx)2Cosh[c} CoshIntegral [dx] +

2b* (a+ bx)ZCosh[c - %] CoshIntegral|d (s +x) | +a*d?Cosh|c - ?}
d(a+bx) d(a+bx)
CoshIntegral | ——— —_—

|+

d(a+bx)

| +2a°bd?xCosh|c- ?} CoshIntegral|

d(a+bx)

ad
a’b? d? x? Cosh[c - — | CoshIntegral| | +2a*bdCoshIntegral |
b

]

d b
Sinh[c - %} +4a° bzdxCoshIntegr‘al[M} Sinh[c - %] +

d(a+bx)

34,2 : ~ad, 4 . B
2 ab’® d x? CoshIntegral | | sinh|c | -a®bdsinh[c+dx]
b

ab?dxSinh[c+dx] -2a?b?Sinh[c] SinhIntegral[dx] -4 ab?xSinh[c] SinhIntegral[dx] -
|+

. ad X a . ad . a
4ab’xSinh|c - ?] SinhIntegral|d (g + x] | +2b*x?Sinh[c - ?] SinhIntegral|d (g + x] ]+

2b*x? Sinh[c] SinhIntegral 22 g _ady a
gral[dx] +2a?b?Sinh|c | sinhIntegral|d | = +x
b b

d b
2a’bdCosh|c- %] SinhIntegr‘al[M] +4a’b?dxCosh|c- %]
d b d b
M} +2ab’dx*Cosh|c- ﬂ} SinhIntegral[M
b
d b
Lx)] +2a3bd2xsinh[cf?]

SinhIntegral|

|+
ad
a*d?sinh|c - ?] SinhIntegral|

d(a+bx) d(a+bx)

SinhIntegral|

]

| +a?b?d*x?sinh|c - ?] SinhIntegral |

Problem 38: Result more than twice size of optimal antiderivative.

X

Cosh[c +dx]
Jidl

x2 (a+bx)3

Optimal (type 4, 298 leaves, 21 steps):
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Cosh[c+dx] bCosh[c+dx] 2bCosh[c+dx]

a3 x 2a2(a+bx)2 a3 (a+bx)

d d
3bCosh[c] CoshIntegral[dx] 3bCosh [c- af} CoshIntegral | a? +dx]
+ +

at at

d d
d? Cosh|c - aT] CoshIntegral| ET vdx] g CoshIntegral([dx] Sinh[c]
+ +
2a’b a3
d . d
2d CoshIntegral | a? +dx] Sinh[c - aT] dSinh[c+dx] dCosh[c] SinhIntegral[d x]

N
a3 2 a2 (a+bx) a3

d7 cs d
3bSinh[c] SinhIntegral[dx] 2dCosh [c- af} SinhIntegral| af +dx]
at : al '
3bSinh[c- ﬂ] SinhIntegral| ad g x| d?sinh[c- ﬂ} SinhIntegral| ad g x|
b b b b

.
at 2a%b

Result (type 4, 710leaves):
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1
2a%bx (a+bx)2

-2a*bCosh[c+dx] -9a’b?xCosh[c+dx] -6ab3x?Cosh[c+dx] +6b%x (a+bx)2

d b
Cosh|c - ?] CoshIntegral [d (s +x|| +a*d?xCosh|c - _abd ] CoshIntegr‘al[M] +
d b
2 a3 b d? x2 Cosh [c - ?] CoshIntegral [ M} + a2 b2 d? x3 Cosh [C - abd ]

d(a+bx) 5 .
———] +2bx (a+bx)*CoshIntegral[dx] (-3bCosh[c] +adSinh[c]) +

]

CoshIntegral|
d<a+bx) d(a+bx>

3 ; ad 212 442
4a°bdx CoshIntegr‘al[ } Sinh [c - 7] +8a° b*dx” CoshIntegral [
b

d(a+bx) ad

Sinh|c - ?] +4ab’dx?CoshIntegral | sinh[c- T} -

a’bdxSinh[c+dx] -a?b?dx?Sinh[c+dx] +2a%bdxCosh[c] SinhIntegral[dx] +
4 a’b%d x? Cosh[c] SinhIntegral[dx] +2ab?dx3 Cosh[c] SinhIntegral[dx] -
6 a%> b2 x Sinh[c] SinhIntegral[dx] - 12 ab3x?Sinh[c] SinhIntegral[d x] -

|+

4.3 s . 212y c4 cad, . a
6 b* x*> Sinh[c] SinhIntegral[dx] + 6 a”b”x Sinh|c | sinhIntegral[d |~ +x
b b

]+

3.2 cq _ad, . a
12ab’ x*Sinh|c | sinhIntegral|d | — + x
b b

6 b* x> Sinh|c - %} SinhIntegral[d [% + x) |+

d b
4a3bdxCosh {c - ?] SinhIntegral{M] L 8a2b?dx2 Cosh[c ) ?]
dla+h d (a+b
SinhIntegr‘al[M] +4ab*dx?Cosh|[c- ?] SinhIntegr‘al[@;)()] N
d (a+bx) ad

a*d*x Sinh|c - ?} SinhIntegral| | +2a*bd?x?Sinh|[c - T]

d(a+bx> d(a+bx)

J

SinhIntegral| | +a?b?d?x?sinh|c - ?} SinhIntegral|

Problem 57: Result unnecessarily involves imaginary or complex numbers.

x4 Cosh[c +dx]
J—dlx

a+bx?

Optimal (type 4, 273 leaves, 14 steps):
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3/2 V-ad V-ad
2xCosh[c+dx] (2 Cosh|[c+ NS | CoshIntegral| = ~dx]

bdz 2 b5/2

(-a)3/2Cosh|c - @] CoshIntegr‘al[@ +dx]
Vb Vo

+

2Sinh[c+dx] aSinh[c+dx]
"

- +
2 b2 b d3 b2d
_ 3/2 ¢4 V-ad . VJ-ad _
X2 Sinh[c + dx] (-a)32sinh|c+ : | sinhIntegral]| v d x|

bd 2b%/2

(-a)*2sinh|c- @] SinhIntegr‘al[@ +dx]
Vb Vb

2 b5/2

Result (type 4, 274 leaves):
ot
2 b2 d3

d} CosIntegral|- Va d +idx]-1ia¥?d?

Vb Vb

-4b*2dxCosh[c+dx] +1ia*?dCosh|c- =

ivad d
iva | CosIntegral] +idx]| +4b*2sinh[c+dx] -2a+/b d®Sinh[c+dx] +

Vb Vb

Cosh[c +

i+va d \Vad
2b%2d?x?Sinh[c +dx] -a*2d>Sinh[c - Lva ] SinIntegr‘al[ai—jdx] -
Vb Vb
i+va d
a*?d sinh[c + tve | sinIntegral| +1idx]
\/b Vb

Problem 58: Result unnecessarily involves imaginary or complex numbers.

x3 Cosh[c +dx]
J—dlx

a+bx?
Optimal (type 4, 209 leaves, 12 steps):
Cosh[c +dx] acCosh[c+ %} CoshIntegr‘al[%fdx}
b d? 2b?

aCosh[c - @} CoshIntegral| Jad g x|
Vb b

x Sinh[c +dx]
n

/b
N
2b? bd
asinh[c+ *-2-¢] sinhIntegral | Jad g x| asinh|c- @] SinhIntegral| JYad g x|
Vb Vb Vb Vb

2 b? 2 b?

Result (type 4, 210leaves):
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1 ivad ad
- 2bCosh[c+dx]+ad2Cosh[c—]H/_ ]CosIntegr‘al[—r +idx]+
2 b2 d? Vb Vb
ivad ad
adZCosh[c+l\/— ]CosIntegr‘al[\/— +idx] -2bdxSinh[c+dx] +
Vb Vo
i d d
jadzsinh[c—l\g }SinIntegr‘al[\/? -idx] -
Vb Vb
i d d
JiadZSinh[CJrl\E }SinIntegr‘al[\/? +idx]
Vb Vb

Problem 59: Result unnecessarily involves imaginary or complex numbers.

x? Cosh[c +dx]
J—dlx

a+bx?
Optimal (type 4, 226 leaves, 11 steps):
\/-a Cosh[c+ %} CoshIntegral| % ~dx|

2 b3/2
J-ad +/-a d
V/-a Cosh[c- & | CoshIntegral| fF +dx]

+

2b3/2
~ i V-adi gy Jad
Sinhc+dx] V7@ Sinh[c+ * 24| sinhIntegral N ~dx] )
bd 2 b3/2
i V-adi gy Jad
/-a Sinh[c- & | sinhIntegral| \/% +dx|
2 b3/2

Result (type 4, 213 leaves):
1

i

d
~i+/a dCosh[c- | CosIntegral|- +idx] +
2b%%d Vb Vb
1 d
i+va dCosh|c+ iva | CosIntegral| +idx]+
Vb Vb
1 d d
2+/b Sinh[c+dx] +\/?dSinh[c— iva ] SinIntegr‘al[\/_a——idx} +
Vb Vb
1 d
Va dsinh[c+ iva | sinIntegral| +idx]|
Vb Vb

Problem 60: Result unnecessarily involves imaginary or complex numbers.

X

X Cosh[c +dx]
J—dl

a+bx?
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Optimal (type 4, 177 leaves, 8 steps):

Cosh[c+ @] CoshIntegral| Jad g x| Cosh[c- @} CoshIntegral| Jad g q
Vb Vb . Vb Vb

2b 2b

Sinh[c+ @} SinhIntegral| Jead g x| Sinh[c- @] SinhIntegral| Jead g x|
Jo I b b

2b 2b
Result (type 4, 171 leaves):

L Cosh|c - jﬁd] CosIn‘cegr‘al[f\E(j +idx] +
2b Vb b
Cosh|[c+ j\/?d] CosIntegr‘al[\/;d +idx] +1i|Sinh|[c- ! d] SinIntegr‘al[ﬂfjdx} -
Vb Vb Vb Vb
Sinh|c+ i\/?d} SinIntegral| +1idx]
Vb Vb

Problem 61: Result unnecessarily involves imaginary or complex numbers.
Cosh[c+dx]
Jidl

a+bx?

X

Optimal (type 4, 213 leaves, 8 steps):

Cosh[c + @] CoshIntegral| Jad g x| Cosh|c- @} CoshIntegral| Jad g q
IG I ) i I5 )
2+v/~a /b 2v/-a b
Sinh[c+ @} SinhIntegral| Jad g x| Sinh|c- @] SinhIntegral| Jad g x|
I IG . I I
2+/-a Vb 2+/-a /b
Result (type 4, 180leaves):
1
2+v/a Vb
' d d i d
i |Cosh[c - iva | CosIntegral|- Va +idx]| - Cosh[c+ = | CosIntegral| a9, dx| +
Vb Vb Vb Vb
i d d
1 Sinh[c— ia } SinIntegral[\/; —J‘ldx] +
Vb Vb
i d d
Sinh[c+ iva | sinIntegral| Va +1dx] ]
Vb Vb

Problem 62: Result unnecessarily involves imaginary or complex numbers.
Cosh[c +dx]
Jidl

X <a+bx2)

X
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Optimal (type 4, 197 leaves, 13 steps):
Cosh|[c+ VYad d] CoshIntegr‘al[L’a 4 _dx]
Vb Vb

Cosh[c] CoshIntegral|d x]

a 2a

Jad Vad
Cosh[c - ¥-2-4] CoshIntegral | r’; +dx] Sinh[c] SinhIntegral [dx]

+ +

b

2a

Sinh|c+ @} SinhIntegral| JYad g x| Sinh[c- @] SinhIntegral| Jad g x|
I I . 75 I
2a 2a

)]

Result (type 4, 187 leaves):

1
- —|-2Cosh[c] CoshIntegral[dx] +

2a
Cosh|c - j\/?d} CosIntegral|- +1dx]| +Cosh|[c+ j\/?d] CosIntegral| +idx] -
Vb ) Vb Vb
2Sinh[c] SinhIntegral([dx] + i Sinh|c - ivad | sinIntegral| @ -idx] -
Vb Vo
i Sinh[c+ i\/?d] SinIntegral| +1dx]

Vb Vb

Problem 63: Result unnecessarily involves imaginary or complex numbers.

X

Cosh[c+dx]
Jidl

x2 (a+bx2>

Optimal (type 4, 249 leaves, 14 steps):

N J-ad Jad
Cosh[c +dx] b Cosh[c+ o | CoshIntegral| - - dx]
- +

ax 2 (~a)3?

Vb Cosh|c - %} CoshIntegral| % +dx|

d CoshIntegral[dx] Sinh[c]

+ +
2<_a>3/2 a

Vb Sinh[c+ @] SinhIntegral| 3% -dx]

b

d Cosh[c] SinhIntegral [d x]

a 2 (-a)?

Vb Sinh|[c - %} SinhIntegral| % +dx]

2 <_a>3/2

Result (type 4, 243 leaves):
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1 ivad
-2+/a Cosh[c+dx] -1i+/b xCosh[c—]l | CosIntegral]- +idx]+
2 3/2
areXx Vb Vb
ivad d
i+/b xCosh|[c+ = | CosIntegral| +idx| +2+/a dxCoshIntegral(dx] Sinh[c] +
Vb b
iva d Vvad
2+/a dxCosh[c] SinhIntegral[dx] + Vb xSinh[c— tve ] SinIntegr‘al[aifJidx] +
Vb Vb
i vVa d
\'b XSinh[C+ Lva ]SinIntegr‘al[ +1‘1dx]
Vb Vb

Problem 64: Result unnecessarily involves imaginary or complex numbers.

Cosh[c +dx]
Jidlx

x3 (a+bx2)

Optimal (type 4, 270 leaves, 18 steps):

Cosh[c+dx] bCosh[c] CoshIntegral[dx] d2Cosh[c] CoshIntegral[dx]
- - +
a? 2a

+

2ax?

b Cosh[c+ @} CoshIntegral| Jad g x| bCosh|c- @] CoshIntegral| Jad g x|
b Vb Vb Vb

+
2 a2 2 a2

dSinh[c+dx] bSinh[c] SinhIntegral[dx] d?Sinh[c] SinhIntegral[dx]
- +

2ax a2 2a
b Sinh [c + @} SinhIntegral [ Jad g x] b Sinh [c - @] SinhIntegral [ Jad g x}
Vb Vb N Vb Vb
2 a? 23a?

Result (type 4, 257 leaves):

~aCosh[c+dx] - (2b-ad?) x> Cosh[c] CoshIntegral[dx] +

2a%x?
ivad
b x? Cosh|c - iva | CosIntegral|- +idx] +
Vb Vb
iva d ad
b x? Cosh|c + iva ] CosIntegr‘al[\/— +idx] -adxSinh[c+dx] -
Vb Vb
2bx?Sinh[c] SinhIntegral[dx] +ad?x?Sinh[c] SinhIntegral[dx] +
iva d ad
ibx?Sinh|c- iVa ] SinIntegr‘al[\/— -idx]| -
Vb Vb
i d d
ibx?Sinh|[c+ iVa ] SinIntegr‘al[\/? +idx]
Vb Vb
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Problem 65: Result unnecessarily involves imaginary or complex numbers.

x* Cosh[c +dx]
j— ax

(a+bx?)?
Optimal (type 4, 449 leaves, 24 steps):
_ ) 3+/-a Cosh[c+ %} CoshIntegr‘al[%—dx]
2b? 2b (a+bx?) 4b5/2

3+/-a Cosh|[c- %] CoshIntegral| 3% +dx|

xCosh[c+dx] x3Cosh[c+dx]

4b5/2

ad CoshIntegral| Jad g x| Sinh[c - @] ad CoshIntegral | Jad g x| Sinh[c + @]
7o Vb ) I vl
4b3 4b3
V-ad . yV-ad
Sinh(c s dx] adCosh|[c+ T | sinhIntegral]| v d x|
N _
b2 d 4 b3

3+/-a Sinh|[c+ %] SinhIntegral| 3% - dx] )

4b5/2

adCosh|c- %] SinhIntegral[% +dx] ) 3+/-a sinh|c- %] SinhIntegr‘al[% +dx]

4b? 4b>/2

Result (type 4, 621 leaves):
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axCosh[c] 2Sinh[c] 2Cosh[c] axSinh[c] . 1 )
—— |2 Cosh[d x] + ]+2 + ]Slnh[dx1—731\/;
4 p? a+bx? d d a+bx? Vb
d d d
Cosh[c] |Cos| Va | CosIntegral|- Va +idx]| - Cos| Va | CosIntegral| +idx] +
Vb Vb Vb Vb
d d d 1
Sin[ﬁ ] SinIntegral[ra——idx] —SinIntegr‘al[\/? +Jidx}] +=iadCosh[c]
/b /b Vb :
d d d d
CosIntegral|- +idx] sin] | - cosIntegral| Va +idx] sin] Va |+
Vb Vb Vb Vb
d d d 1
Cos [ Va ] -SinIntegral [ vyae. id x} +SinIntegral [ Va +1id x] J - —3+/a
Vb Vb Vb Vb
d d d d
Sinh[c] |CosIntegral|- Va +idx]| sin] Va | + CosIntegral] Va +idx]| sin] Va | -
Vb Vb Vb )
d d d 1
Cos| Va | |sinIntegral] Va -idx]| +SinIntegral] +1dx] J - ZadSinh[c]
b b Vb 0
d d d d
Cos[\/? | cosIntegral|- Va +idx]| +Cos[\/? ] CosIntegr‘al[\/; +idx]+
Vb ) Vb Vb
d d d
Sin| | |SinIntegral] \/—ai -idx] +SinIntegral| +idx] J
Vb Vb Vb

Problem 66: Result unnecessarily involves imaginary or complex numbers.

x3 Cosh[c +dx]
J—dlx

(a +b XZ) 2
Optimal (type 4, 431 leaves, 20 steps):

J-ad J-ad
Cosh[c+dx] x2Cosh[c+dx] Cosh[c+ N ]CoshIntegral[ = —dx]

- + +

2 b? 2b (a+bx?) 2 b2

Cosh|c - %} CoshIntegr‘al[%+dx] ) v/ -a dCoshIntegr‘al[% +dx] sinh|c - %} )

2 b? 4b5/2
/-a dCoshIntegral| & -dx] sinh|c+ WZ ]
4b5/2
/~a dCosh[c+¥24] sinhIntegral[ 2% _dx] Sinh[c+ 2] sinhIntegral[ 2% _dx]
I b ) IS I
4b>/2 2 b?
/-a dCosh|c - @] SinhIntegral| Jad g x| Sinh[c- @} SinhIntegral| Jead g q
Vb Vb . Vb Vb
4 b>/? 2 b2

Result (type 4, 582 leaves):



12 | Mathematica 11.3 Integration Test Results for 6.2.2 (e x)~m (a+b x”n)”p cosh.nb

1
_—— 2a\/FCosh[c+dx1 +
4 b>/2 <a+bx2)

(a+bx?) CosIntegral]- Va d

= +1dx] 2WcOsh[c-jgd}-jﬁdSinh[c-igd}]+
(a+bx2)Cos:[ntegral[{/a;dmdx] 2WcOsh[c+jgd]qﬁdSinh[Ujgd] +
a*2dCosh|c- jgd} SinIntegr‘al[\/\?— idx] +
Va bdx? Cosh|c - igd] SinIntegr‘al[\/\;djdx] v
Zjaﬁsinh[cjgd]sinlntegral[\/j;djdx}Jr
2 b*2x*Sinh|c - jgd] SinIntegr‘al[\/v—;}d —idx] +
a*?dCosh[c+ jgd} SinIntegral[gd +idx]+
Va bdx?Cosh[c+ igd] SinIntegral[gdmdx] -
Zja\/FSinh[c+jgd]sinlntegr‘al[\/\/—}d+jdx}
2i b*2x*sinh[c+ jgd] SinIntegr‘al[\\/ﬁaFd +1dx]

sz Cosh[c +dx]

dx
(a + bxz)2

Problem 67: Result unnecessarily involves imaginary or complex numbers.

Optimal (type 4, 416 leaves, 17 steps):
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Cosh|[c+ @} CoshIntegral| —\% -dx]

x Cosh[c +dx] b
_ N _
2b (a+bx?) 4~/—a b32
Cosh|c - @} CoshIntegr‘al[@ +dx] dCoshIntegr‘al[@ +dx| sinh[c- 24|
Vb Vb . Vb Vb .
4~/-a b3 4b?
d CoshIntegral | Jad g x| Sinh[c + @]
IS )
4 b2
dCosh[c + @] SinhIntegr‘al[@ -dx| sinh[c+ @] SinhIntegr‘al[@ - dx]
b G . I o .
ap? 4" b2
d Cosh|c - @] SinhIntegr‘al[@ +dx] sinh[c- @] SinhIntegr‘al[@ +dx]
I IS i I IS
ap? 42 b2
Result (type 4, 364 leaves):
! —2\/a_beosh[c+dx]+
4+/a b2 (a+bx?)
<a+bx2)CosIntegr‘al[— +1idx] Ji\/FCosh[c—j\/;d}+\/?dsinh[c—j\/a_d]]+
Vb Vb Vb
(a+bx?) CosIn‘cegr‘al[\/a_d +idx] |-iVb Cosh[c+ j\/?d} ++a dsinh|c+ jl\/;d]] +
) Vb )
(a+bx?) |i+/a dCosh|[c- j\/?d] ~/b Sinh[c- j\/?d} SinIntegr‘al[@ﬂidx} -
Vb Vb )
(a+bx2) Ji\EdCosh[CJr j\/;d] +Wsinh[c+ jﬁd} SinIntegr‘al[ d +J’1dx}
Vb Vb Vb

Problem 68: Result unnecessarily involves imaginary or complex numbers.

x Cosh[c +dx]
J—dlx

(a+bx2)2

Optimal (type 4, 239 leaves, 9 steps):

Cosh[c + dx] dCoshIntegr‘al[% +dx] sinh|c- \;%d}
- - +
2b(a+bx2) 4~/—a b32
d CoshIntegral | Jad g x| Sinh|[c+ @]
G w )
4+/-a b3?
dCosh|[c+ Jad d] SinhIntegr‘al{@ -dx| dCosh[c- @] SinhIntegr‘al[@ +dx]
b /b . /b I

4+/-a b3? 4~/ -a b3/2

| 13
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Result (type 4, 239 leaves):

[]‘1 d(a+bx?) CosIntegr'al[fx/;d +1idx]| sinh|[c- j\/?d] -
Vb Vb
d(a+bx?) CosIntegr‘al[\/a_d +idx]| sinh[c+ i\/;d} +
Vb Vb
ia d

| sinIntegral| @ -idx]+

Vb Vb
]/ (4\/?b3/2 (a+bx2))

i {Zx/gx/FCosh[c+dx} +d (a+bx?) Cosh|c -

iVad | sinIntegral|

Vb Vb

d(a+bx2>Cosh[c+ +1idx|

Problem 69: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dXx]

(a+bx2)2

Optimal (type 4, 476 leaves, 18 steps):
Cosh[c +dx] Cosh[c +dx]

a2 (Va Vo « " 4avh Va o x|

Cosh [c + @} CoshIntegral [ Jad g x] Cosh [c - @] CoshIntegral [ Jad g x]
Vb Vb Vb

+ Vo -
4 (-a)¥2+/b 4 (-a)¥2+/b
d CoshIntegr‘al[@ +dx] Sinh[c - @] d CoshIntegral | Yad g x| Sinh|c+ @}
I w ) I b )
4ab 4ab
dCosh[c + @} SinhIntegr‘al[@ -dx| sinh[c+ @] SinhIntegr‘al[@ - dx]
IS IS . I IS )
4ab 4 (_a)s/zﬁ
d Cosh [c - @} SinhIntegr‘al[@ +d x] Sinh [c - @] SinhIntegral [ Jad g x}
Vb Vb N Vb Vb
4ab 4 (*3)3/2\5

Result (type 4, 590 leaves):
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1
4233/2p (a+bx2)

Zﬁbeosh[c+dx] -

(a+bx2)CosIntegr‘a1[— +1dx]| —Ji\/FCosh[c—jH/?d]+\/;dsinh[c—i\/?d} -
Vb Vb Vb
<a+bx2)CosIntegr'al[ d+idx] Ji\/FCosh[c+j\/?d]+\/?dsinh[c+i\/?d] _
Vb Vb Vb
jag/ZdCosh[c—jﬁd}sinlntegral[@—jdx]—
Vb Vb
Ji\/;bdx2Cosh[c—j\gd}sinlntegr‘al[\/?d—jdx]—
Vb Vb
a\/FSinh[cfjﬁd]sinlntegral[\gdfjdx]f
NC) Vb
b*2x? Sinh|c - i\/?d} SinIntegr‘al[\/a_d —idx] +
Vb Vb
ia3/2dCosh[c+j\/?d}sinlntegral[\/?d+idx]+
Vb Vb
Ji\/?bdXZCosh[c+j\/?d}sinlntegral{\/?d+jdx]—
Vb Vb
aWSinh[CJrj\/?d]sinlntegr‘al[ +J'1dx]—
Vb Vb
b*2x2Sinh|c+ ivad | sinIntegral| +1idx]
Vb Vb

Problem 70: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

jCosh[c +dXx]

X (a+bx2)2

Optimal (type 4, 435 leaves, 22 steps):
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Cosh|c+ @] CoshIntegral| Jad g q
. I IS

2a (a+bx?) " a? 2 a2

Cosh[c+dx] Cosh[c] CoshIntegral|dx]

Cosh|c - @} CoshIntegral| Jead g x| dCoshIntegral] Jead g x| Sinh[c - @}
Vb Vb

b B \b .
2a? 4 (-a)32/b
A-ad . -a d
d CoshIntegr‘al[ N d x} Sinh [c + N ] Sinh[c] SinhIntegral[d x]
N _
4 (-a)32\b a’
d Cosh[c + @} SinhIntegral| Jad gy x| Sinh[c+ @] SinhIntegral| Jad g x|
b b . I I )
4 (-a)32b 222
dCosh|c - @} SinhIntegral| Jad g x| Sinh[c- @] SinhIntegral| Jad g x|
b I . b b
4 (*3)3/2\5 2 a2
Result (type 4, 2464 leaves):
X SinhIntegral[d x] 1
Sinh[c] -—
a2 2 a?
L Va ad d iVa
- i CoshIntegral|d iVa +x| ] sin] Va | +cos| | sinhIntegral[d iVa +X
Vb Vb Vb Vb
1 Sinh[d x 1 ad i a
i+vb (—4 +=d (Cos[r | CoshIntegral|d iva +x|] -
42%72 iva Vb +bx b Vb Vb
d ' 1
i Sin [ ] SinhIntegral [d iva + X J +
Vb Vb 2a?
i d d d i
—J‘LCoshIntegr‘al[— iva +dx} Sin[ﬂ} +Cos[£] SinhIntegr‘al[]l —dx]
Vb Vb Vb )
1 Sinh[d 1 d |
i+b [ 1nh(dx] +=d |Cos]| | CoshIntegral|d [ iva +x] -
42332 ~iva /b +bx b Vb b
d ivad
isin] ] SinhIntegr‘al[]H/_ -dx] +Cosh[c]
Vb Vb
CoshIntegral [d Xx] 1 Cosh[d x] 1 ) a
- ivb |-—————+ =d|-1iCoshIntegral|d +x| ]
a? 432 iva Vb +bx b b
ad ad i+ a 1
Sin[L] +COS[L} SinhIntegr‘al[d [1 Va + X } J -—
Vb b Vb 22
d iva d ad ivad
Cos| | CoshIntegral|- iva +dx] -1isin| Va | sinhIntegral] ia
Vb Vb Vb )
1 Cosh[d 1 i d
ivb ( osh|dx] - =d |- i CoshIntegral|d { iVa +x| | Sin[\g |+
423%2 -iva b +bx b Vb Vb
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Cos|

d] SinhIntegr‘al{jlv?d _dx]]J .t
Vb /b

Cos|

\ﬁd } CoshIntegr‘al[ ! ://E d +d x} -1 Sin [ \/\?ﬁd ] SinhIntegr‘al[ ! ﬁ d +d x]
b b b b

iva
Vb

SinhIntegral[d x] 1
-Cosh[c] -

N |

+ X
a2 2 a2

- i CoshIntegral|d {

iva
Vb
Va d

Vb

d
| sinhIntegral|d

Vb

1

4 a3/2

Cos| +X

] SinhIntegral [d

]

Vb

Sinh[d 1
i\/g(_%+_d
iva Vb +bx b

Cos |

| CoshIntegral|d [jl
Vb

1
Vb 2 a?
i+/a d Va d Vad i

+dx] sin| | +Cos| | sinhIntegral]|

Va

Vb Vb Vb Vb
~ sinh[dx] +1d \Jad iva
~iva Vb +bx b Vb Vb

iSin|

CoshIntegral|-

+

d—dx}

1
1
4 a3/2

Cos |

+ X

—

i

| CoshIntegral[d (
d, .
} SlnhIntegr‘al[

Vb Vb J

. {CoshIntegr‘al[d x] 1 [ Cosh[d x]
Sinh[c] - ivb |-———
a’ 422 iva Vb +bx

Vad Va d iva

[——] +Cos|

Vb Vb Vb

iva d Va d i

+d x} -1 Sin [ ] SinhIntegral [

Vb Vb

j\/;+x]] Sin[
b

jSin[

d —dx}

d

+

1
=d |- i CoshIntegral|d
b

+x|] sin

[J'].\/a_
b

| sinhIntegral|d [ +x| ]

d
| CoshIntegral]-

Vb

o

Cosh[d x] Ed
~i+va b +bx b

-1 CoshIntegral [d [

2 a2

Cos| d] SinhIntegral| iVad dx]]

Vb Vb
(Cos [ Va d | CoshIntegral| iVad +dx] -1iSin| Va d | sinhIntegral| !
Vb Vb Vb Vb

SinhIntegral[d x] 1

R

N |

Coshc]

-1 CoshIntegral|d [ =

a? 2 a2

1

4 a3/2

d, .
| sinhIntegral|d

Vb

ivb {Slnh[d)q+1d {Cos[\/?d] CoshIntegral|d [j\/? +X
iva Vb +bx b Vb

Cos|

[E—
|
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d i 1
iSin| | sinhIntegral|d [1 Va x| ]]]+ -1
Vb Vb 2 a2
i d d d i d
CoshIntegral |- iva +dx] sin| Va | +cos| Va | sinhIntegral] iva ~dx] J +
Vb Vb Vb Vb
1 Sinh[d 1 d i
ivb |- 1nh[dx] +=d Cos[ﬂ] CoshIntegral|d ( iva +x|] -
42a%? -iva /b +bx b b b
. d . i d
iSin| | sinhIntegral| - dx] J +
Vb Vb
. CoshIntegral [d x] 1 Cosh[d x] 1 )
Sinh[c] - ivb |-——— + —d | -1 CoshIntegral [d
a? 4332 iva +/b +bx b
i d d i 1
[1\/?+x Sin{\/a— ]+Cos[\/—a7}sinhlntegr‘al[d 1\/?+X}J]—
Vb Vb Vb Vb 2a?
d i d d i d
(Cos[\/? | CoshIntegral|- iva +dx] ﬂisin[\/? ] SinhIntegr‘al[l\/a— —dx] |+
Vb Vb Vb )
Cosh[d 1 i d
i [ oshid x| -—d|-1 CoshIntegr‘al[d [ iva + XJ ] Sin [ Va ] +
42372 ~iva Vb +bx b Vb Vb
d i d 1
Cos| | sinhIntegral| iVa ~dx| ] o=
Vo Vo 22°
d i d d i d
(Cos [ Va | CoshIntegral | Ve g g x| -iSin| Va | sinhIntegral| iVa +dx]
Vb Vb Vb Vb

Problem 71: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dx]

x2 <a+bx2)2

Optimal (type 4, 500 leaves, 32 steps):
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Cosh[c +dx] WCosh[c+dx]
- +

a’x 4 a2 (\/:—\/Fx)

J-ad V-ad
b Coshic+dx] ) 3/b Cosh[c+ = | CoshIntegral| = d x| )
4 a2 (\/—a +\/Fx) 4 (-a)>/?
_N-ad V-ad
3WCosh[c = } CoshIntegr‘al[ N +dx] d CoshIntegral [d x] Sinh[c]
+ +

4 (_a)S/Z a2

d CoshIntegral [ % +d x} Sinh [c - %] d CoshIntegral [ % -d x] Sinh [c + &d }

+ +
432 4 32

dCosh|c+ @] SinhIntegral| % - dx]

d Cosh[c] SinhIntegral[d x] b

- +

a? 4 32
3+/b Sinh|c Jead SinhIntegral @—dx
Vb sinh[c .+ L2e] grot [ 13 ax]
4(—3)5/2

d Cosh|c - @} SinhIntegr‘al[@ +dx| 3+/b sinh[c- @] SinhIntegr‘al[@ +dx]
G Vo . I G
4 32 4 (-a)>/?

Result (type 4, 675leaves):
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1

4352 x <a+bx2)

-42a%2Cosh[c+dx] -6+a bx?Cosh[c+dx] +4a*2dxCoshIntegral[dx] Sinh[c] +

4+/a bdx3CoshIntegral[dx] Sinh[c] +X (a+bx?) CosIntegral|- +1dx]|
Vo
i+va d ivad
[—3i\/FCosh[c—]H/_ }+ﬁdsinh[c—l\/_ ]]+
Vb Vb
d i d i d
x (a+bx*) CosIntegral| +1idx| Bix/FCosh[c+l\/; }+\/?d$inh[c+l\/? 1|+
Vb Vb Vb
4a%2dxCosh[c] SinhIntegral[dx] +4+/a bdx3Cosh[c] SinhIntegral[dx] +
i+va d ad
ia%?dxCosh|c- iVa ] SinIntegr‘al[L—idx] +
Vb Vb
i+vad ad
i\/?bdXBCOSh[C—l\/— }SinIn‘cegr‘al{L—jdx]Jr
Vb Vb
iva d ad
3a\/FxSinh[c—1\/— ]SinIntegr‘al[\/— —idx]+
Vb Vb
1 d d
3b%2 3 Sinh|[c - iva ] SinIntegr‘al[\/? ~idx] -
Vb Vb
i d d
ia®2dxCosh|c+ iva ] SinIntegr‘al[\g +idx] -
Vb Vb
i+vad ad
Ji\/?bdx3Cosh[c+1\ﬁ }SinIntegr‘al[r +idx] +
Vb Vb
iva d ad
3ax/FxSinh[c+]H/— ]SinIntegr‘al[\/— +idx] +
Vb Vb
i+va d ad
3b%2x3Sinh[c+ iVa ] SinIntegr‘al[\/_ +idx|
Vb Vb

Problem 72: Result unnecessarily involves imaginary or complex numbers.

x3 Cosh[c +dx]
J— dx

(a+bx2)3

Optimal (type 4, 476 leaves, 27 steps):
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2 J-ad Joad
X2 Coshlcsdx] Coshlcs+dx] d? Cosh|[c + : | CoshIntegral| . -dx]
- + +

4b (a+bx?)? 42 (a+bx?) 16 b3

b \b
- +

16 b3 16/ _a b5/2

3d CoshIntegral | e ~dx] sinh|c+ e ] dxsinhic+dx]

d? Cosh|[c - @] CoshIntegral| Jad g x| 3dCoshIntegral| Jad g x| Sinh[c - @]
Vb Vb

16/ _a b5/2 8 b2 (a+bx?)
3dCosh[c+ @] SinhIntegral| Jad g x| d*sinh[c+ @} SinhIntegral| Jad g x|
b Vb ~ Vb Vb B
16/ -a b°/2 16 b
3dCosh|c - @] SinhIntegral| Jad g x| d?sinh[c- @} SinhIntegral| Jad g q
b Vb . b Vb
16+ -a b2 16 b3

Result (type 4, 648 leaves):

1 2Cosh[dx] (2 (a+2bx?) Cosh[c] +dx (a+bx?) Sinh[c])
16 b2 (a+bx2)2
2 (dx (a+bx?) Cosh[c] +2 (a+2bx?) Sinh[c]) Sinh[dx] 1
+ 31dSinh[c]
(a+bx?)? Va Vb
d d | d .
Cos| | cosIntegral|- +idx] -Cos| | CosIntegral| +idx]+
Vb Vb Vb Vb
Sin[\/?d] SinIn‘cegr‘al[\/?d -id x] - SinIntegr‘al[ d +1 dx}] - 1]‘1 d?Sinh[c)
Vb Vb Vb b
CosIntegr‘al[— d +1 dx} Sin[ d} —CosIntegr‘al[ d +1 dx] Sin[\/?d] +
Vb Vb Vb Vb
Cos[@] -SinIntegral| Vad -idx]| +SinIntegral| +idx] ||+ _
Vb Vb Vb Va Vb
3dCosh[c] [CosIntegr‘al[— +1dx] Sin[@] + CosIntegral | +1idx]|
Vb Vb Vb
Sin| Va d} - Cos | d] SinIntegr‘al[@ -idx] +SinIntegral| d +idx] ||+ 1
/b Vb b b 0
d? Cosh[c] {Cos[\/?d] CosIntegral|- Va d +idx] +Cos| d] CosIntegral| +idx] +
Vb Vb Vb Vb
Sin[\/?d] SinIntegr‘al[@ -id x] + SinIntegr‘al[\/?(jl +1 dx}]
Vb Vb Vb
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Problem 73: Result unnecessarily involves imaginary or complex numbers.

x2 Cosh[c+dx]
j— dx

<a+bx2)3

Optimal (type 4, 746 leaves, 28 steps):
Cosh[c +dx] Cosh[c +dx]

163672 (V3 Vb x| 163677 (Vo b x)

Cosh[c+ @} CoshIntegral| % -dx]

x Cosh[c +dx] Jb
n
4b (a+bx?)? 16 (-a)3/2 b2
d? Cosh [c + @] CoshIntegr‘al[@ -d x} Cosh [c - @} CoshIntegr‘al[@ +d x}
Vb Vb N Vb Vb B

16/ —a b>/2 16 (—3)3/2 b3/2

d? Cosh [c - @] CoshIntegral[@ +d x} d CoshIntegral[@ +d x] Sinh [c - @]
b Vb B Vb Vb -
16+ -a b°/? 16 a b2

dCoshIntegr‘al[%—dx} Sinh[c+ 3%] dsinh[c+dx]
- +

16 a b2 8b? (a+bx?)

d Cosh[c + *~2-%] sinhIntegral | % -dx| sinh[c+ %] SinhIntegral| % - dx]
N _

16 a b? 16 (-a)3/2b3/2

af

d? Sinh [c + @] SinhIntegral [ Jad g x} d Cosh [c - @} SinhIntegral [ Jad g x]
b Vb B b Vb .

16+ -a b°/? 16 a b2
Sinh [c - @} SinhIntegral [ Jad g x] d? Sinh [c - @} SinhIntegral [ Jad g x}
b Vb - b Vb
16 (—a)3/2 b3/2 16\/:b5/2

Result (type 4, 932 leaves):

1 2a32bxCosh[c] Cosh[dx] 2+/a b2x3Cosh[c] Cosh[dx]
_ . _
16 a3/2 b? <a+bx2)2 (a+bx2)2
2a°2dCosh[dx] Sinh[c] 2a3?bdx?Cosh[dx] Sinh[c] 1 Vad
- + i CosIntegral|- +idx|
<a+bx2)2 (a+bx2>2 Vb Vb
ivad 1va d 1
(b+ad2)Cosh[c—1\/— ]+Ji\/?\/FdSinh[C—l\/— -
Vb Vb Vb
iva d iva d

d+]idx] (b+ad?) Cosh[c+ ] -i+va /b dsinh[c+ ]| -
Vb Vb Vb

2a°’2dCosh[c] Sinh[dx] 2a32bdx?Cosh[c] Sinh[dx] 23a32bxSinh[c] Sinh[dX]
- - +

<a+bx2)2 (a+bx2)2 (a+bx2)2

1 CosIntegral [
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2+/a b2x? Sinh[c] Sinh[d a d ad
Va_b?» Sinh[c] Sinh[dx] —j\/?dCos[r }Cosh[c]SinIntegr‘al[\/———idx}+

(a+bx?)? N N
d d
i+/b Cosh[c] Sin| ] SinIntegr‘al[\/? —idx]+
Vb )
i ad?Cosh[c] Sin[@} SinIntegral[@f idx]
b b .
)
d d
WCOS[\E } Sinh[c] SinIntegr‘al[ﬂ - jdx} -
Vb Vb
ad? Cos[@} Sinh[c] SinIn‘cegr‘al[ﬂ -idx|
i I i
Vb
d d
\/?dsin[ﬁ | sinhic] SinIntegr‘al[\/? —idx]+
Vb )
d d
i\/?dCos[\/? | Coshc] SinIntegr‘al[\/? +idx] -
Vb Vb
d d
i Vb Cosh[c] Sin] ] SinIntegr‘al[\/? +idx] -
Vb Vb
iad2Cosh[c] Sin[@} SinIntegral[er idx]
I b i
)
d
\ECOS[\/? | sinh[c] SinIntegral] +idx] -
Vb Vb
ad? Cos[@} Sinh[c] SinIntegr‘al[@ +idx]
Vb Vb
Vb
d
\/?dsin[\/; | sinh[c] SinIntegral| +idx]|
Vb Vb

Problem 74: Result unnecessarily involves imaginary or complex numbers.

x Cosh[c +dx]
J—dlx

(a+bx2>3

Optimal (type 4, 512leaves, 19 steps):
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d? Cosh|[c + @} CoshIntegral| % -dx]|

Cosh[c +dx] b
4b (a+bx?)? 16 a b?
d? Cosh|[c - @] CoshIntegr‘al[@ +dx] d CoshIntegr‘al[@ +dx] sinh|c- @]
IS I . i w
16 ab? 16 (-a)3/2 b3/2
J-ad ; J-ad
d CoshIntegral | v ~dx]| Sinh[c+ o ] dsinhicsdx] dsinh(c+dx]
- + +
16 (-a)?/? b2 16 a b3/2 (\/7 7\mx) 16 a b3/2 (\/—a +\mx)

d Cosh [c + @} SinhIntegral [ Jad g x] d? Sinh [c + @} SinhIntegral [ Jad g x]
b Vb N Vb Vb
16 (-a)3/2b3/2 16 a b?

+

d Cosh|c - @} SinhIntegral| Jead g x| d?Sinh[c- @} SinhIntegral| Yead g x|
b Vb Vb Vb

16 (-a)3/2b3/2 16 a b?

Result (type 4, 637 leaves):

1 2Cosh[dx] (-2aCosh[c] +dx (a+bx?) Sinh[c])
.
l6ab (a+bx2)2
2 (dx (a+bx?) Cosh[c] -2aSinh[c]) Sinh[dx] 1
N idSinh[c]
(a+bx2>2 va +/b
Cos| d} CosIntegral|- Va d +1idx] - Cos| 2 d] CosIn‘I:egr‘al[\/;d +idx] +
Vb Vb Vb Vb
Sin[ d] SinIntegr‘al[\/?d -1 dx] - SinIntegr‘al[ d +1 dx}] + 1]‘1 d?Sinh[c)
Vb Vb Vb
CosIntegral|- d +idx]| sin| d} 7CosIntegr‘al[\/?d +1idx] Sin[\/?d] +
Vb Vb Vb Vb
Cos[\/?d] —SinIntegr‘al[@— idx| +SinIntegr‘al[\/a_d +idx] ||+ _
Vb Vb Vb Va b
d Cosh[c] |CosIntegral]- Va +idx]| Sin[@} + CosIntegral | ad +idx] sin| d} -
Vb Vb ) Vo
Cos[\/?d] SinIntegr‘al[@— idx| +SinIntegral| d + jdx}J !
/b /b Vb :
d? Cosh[c] (Cos[\/?d] CosIntegral|- +1idx] +Cos[\/;d] CosIntegral| +idx] +
Vb Vb Vb b
Sin[\/aid] SinIntegr‘al[@— Jidx] +SinIntegr‘al[\/;d + jdx}]
Vb Vb Vb
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Problem 75: Result unnecessarily involves imaginary or complex numbers.

dx

JCosh[c +dXx]
(a + bxz)3

Optimal (type 4, 856 leaves, 28 steps):
Cosh[c +dx] 3 Cosh[c+dx] Cosh[c +dx]

- + +

16 (- 3“((\/?7() 16a2W(\/:—Wx) 16(7a)3/2\/F(\/j+Wx)2

3Cosh|[c+ @] CoshIntegral| yad g x|
Vb Vb

3 Cosh[c +dx]

= - +
1632\/F ( —a +’\/FX) 16 (_a)S/Z\/F
d? Cosh [C + J-a d—] CoshIntegr\al[@ -d X} 3 COSh[C _ @} CoshIntegr*al[lZ’a d.d X]
Vb Ny ) = = )
16 (-a)3/2 b2 16 (~2)52 /b
d? Cosh|[c - J-a 4] cOshIntegr‘al[@ +dx] 3chshIntegr~a1[@ +dx] sinh|c- Va 4]
Vb Nry ) N )
16 (-a)*2 b3 16 a2b
V-ad ; Vead
3 d Costntegral| Vb ~dx] stnhfc~ Vb | . dSinh[c+dx] +
16a%b 16 <*a)3/2b (F*\/FX)
V-ad] gy V-ad
dSinh[c+dx] 3dCosh[c+ N | sinhIntegral| = ~dx]
+ —
3)3/2b(\/:+\mx) 16a2b
3 Sinh [C * @] SinhIntegr‘al[@ -d X] d? Sinh[c + @} SinhIntegral[@ -d X]
Vb Vb ) s =
16 (-a)5/2/b 16 (-a)3/2 p3/2
3dCosh|c- @] SlnhIntegr'al[Q +dx|
Vb Vb )
16a%b
3Sinh[c- m] SlnhIntegr'al[D +dx] d?sinh[c- Yad] SinhIntegral[@ -dx]
Vb Ny NS =

a>5/2\/g 16 (-a)3/2p3/2
Result (type 4, 933 leaves):

1 10 ab3/2 x Cosh[c] Cosh[dx] 6b°/2x3Cosh[c] Cosh[dx]

+ +

16 a2 b3/2 (a+bx2)2 <a+bx2)2

2a2+/b dCosh[dx] Sinh[c] 2ab3/2dx2Cosh[dx] Sinh[c] 1
+

+

(a+bx2)2 (a+bx2)2 Jva

d +idx] [i (3b-ad?) Cosh|[c- iﬁd] -3+a /b dsinh[c-
Vb Vb Vb

CosIntegral|-
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1
——1 CosIntegral| +idx]|
Va Vb
i d i d
(-3b+ad?) Cosh|[c+ iVa | +3i+va /b dSinh[c+ iVa 1+
Vb Vb
2a2+/b dCosh[c] Sinh[dx] 2ab32dx2Cosh[c] Sinh[dx] 18ab3>2xSinh[c] Sinh[dXx]
+ + +
(a+bx2)2 (a+bx2)2 (a+bx2>2
6 b>/2 x3 Sinh Sinh[d d d
x“>inh[c] >inh[dx] —31’1\/FdCos[\/? ]Cosh[c}SinIntegr‘al[\/—ai—Jidx]+
2\ 2
(a+bx?) N N
31ibCosh[c] Sin[@] SinIntegr‘al[ﬁf idx]
G o i
Va
d d
i+/a d*Cosh[c] Sin]| ] SinIntegral[i— idx]| -
Vb Vb
3bCos{@} Sinh[c] SinIntegr‘al[@ -idx]
Vb Vb .
Va
d d
\a d? Cos[\/? | sinh[c] SinIntegr‘al[ﬁ -idx] -
Vb Vb
d d
BWdSin[\/? | sinh(c] SinIntegr‘al[\/? ~idx]+
Vb Vb
d d
31’1\/FdCos[\/? | coshc] SinIntegr‘al[\/? +idx] -
Vb Vb
31ibCosh[c] Sin[@] SinIntegr‘al[@Jr idx]
Vb Vb N
Va
d
i+/a d?Cosh[c] Sin[\g | sinIntegral| +idx] -
Vb Vb
3bCos{m} Sinh[c] SinIntegr‘al[@ +idx]|
Vb Vb .
Va
d
\a d? Cos[\/? | sinh[c] SinIntegral| +idx] -
Vb Vb
d
3\mdSin[\E } Sinh[c] SinIntegr‘al[ +J'1dx]
Vb Vb

Problem 76: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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dx

JCosh[c +dXx]

X (a+bx2)3

Optimal (type 4, 730leaves, 41 steps):
Cosh[c +dx] Cosh[c +dx] Cosh[c] CoshIntegral(d x]
+

N _
4a(a+bx2>2 2a? (a+bx?) a3
Cosh[c + @} CoshIntegr‘al[@ -d x] d? Cosh [c + @} CoshIntegr‘al[@ -d x}
IS IS . 5 IS .
2 a3 16a’b
Cosh|c - @} CoshIntegr‘al[@ +dx| d?Cosh[c- 21| CoshIntegr‘al[@ +dx|
Vb Vb . Vb Vb .
2 a3 16a’b
5d CoshIntegr‘al[@ +dx] sinh[c- @] 5d CoshIntegr‘al[@ ~dx] sinh|[c+ @]
Vo o Vo v
16 (-a)%/2/b 16 (-a)%/2~/b
dSinh[c +dx] dSinh[c +dX] Sinh[c] SinhIntegral[d x]
- + +
16a2+/b (\/—a —\/Fx) 16a2+/b (\/—a +\/Fx) a’
5d Cosh|[c+ @] SinhIntegr‘al{@ -dx] Sinh|[c+ @] SinhIntegr‘al[@ - dx]
I G . I I )
16 (-a)%2/b 2a°
d?sinh|c+ @] SinhIntegr‘al[@ -dx] 5dCosh[c- @} SinhIntegr‘al[@ +dx]
b Vb . Vb Vb
16a2b 16 (-a)%2/b

Sinh [c - @} SinhIntegral [ Jad g X] d? Sinh [c - @} SinhIntegral [ Jead g x}
b Vb b Vb

+

2 a3 16 a%b

Result (type 4, 1558 leaves):
1

16a3b (a+bx2>2

12a%’bCosh[c+dx] +8ab?x?>Cosh[c+dx] +16b (a+bx2)2Cosh[c] CoshIntegral[dx] -

. q .
8a?b Cosh|c - iVa | CoshIntegral|d iVa x|+
Vb Vb
. q .
a®d? Cosh|[c - iVa | CoshIntegral|d iva x| -
Vb Vb
i d i i d
16 a b? x? Cosh [ c - iVa | coshintegral|d iVa +x|] +2a’bd?x?Cosh[c- iVa ]
Vb Vb )
CoshIntegral|d (1 Va +XJ] - 8b®x* Cosh|c - = | coshIntegral|d iva x| ]+
Vb Vb Vb
iva d iva

ab?d?x* Cosh|c - | CoshIntegral|d [

<

Vb
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5ia*2+/b dCoshIntegralld [j\/;ﬂ( ] sinh[c - i\/?d} )
Vo Vb
10 i a*/2 b*2 d x? CoshIntegral [d {j\/?ﬂ( | sinh[c - J'l\/?d} )
Vb ey
5i+/a b%2dx*CoshIntegral|d (j\/; +XJ] Sinh[c - J'l\/?d] .
Vb Vb
(a+bx?)?CoshIntegral|d { iva +x|]
Vb
(-8b+ad?) COSh[C+jﬁd%sm/?ﬁdsmh[mjﬁd}}_
Vb Vb

2a’bdxSinh[c+dx] -2ab?dx®>Sinh[c+dx] +16a?bSinh[c] SinhIntegral[dx] +
32ab?x%Sinh[c] SinhIntegral[dx] +16 b>x*Sinh[c] SinhIntegral[dx] -

ivad iva -
Vb Vb
ivad i

51ia%2+/b dCosh [c- | sinhIntegral|d + X

%

10 i a*? b*2 d x? Cosh [ c - | sinhIntegral|d +X

} -

%

ivad
Vb

iva
b

} +

5i+/a b%2dx*Cosh|c- | sinhIntegral|d +X

] -

J—

iva d
Vb
ivad
Vb
iva d
Vb
ivad
Vb
ivad
Vb
iva d
Vb
jﬁd} SinhIntegr‘al[j\/?d

Vb Vb
jﬁd} SinhIn‘cegr‘al[j\/?(1
Vb Vb

. 4 .
iva | sinhIntegral|
Vb Vb

8a?bSinh|c - | sinhIntegral|d +X

o

iva
Vb

a®d?sinh|c - | sinhIntegral[d

iva

16 ab?x* Sinh|[c - | sinhIntegral|d

2a’bd? x* Sinh|c -

8b? x* Sinh|c - | sinhIntegral|d

ab?d?x*sinh|c - | sinhIntegral|d

5]'1a5/2\deosh[CJr

10 i a®>/2 b2 d x? Cosh|[c +

511\/?b5/2dx4Cosh[c+
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i d i d
iVa | sinhIntegral]| iVa
Vo Vb

i d i d
ia } SinhIntegr‘al[ iVa
Vb Vb

iva d ivad

8a’bSinh[c+

—dx} _

a®d*sinh|c+

16 ab?x? Sinh|[c + | sinhIntegral|

b

j\/?d] SinhIntegral| iVad

Vb Vb

i+a d iva d

Vb

ivad
Vb

2a?bd? x? Sinh[c +

8 b3 x* Sinh|c+ | sinhIntegral|

33

i

ab?d?x*sinh|c + | sinhIntegral| -dx]

<

Problem 77: Result unnecessarily involves imaginary or complex numbers.

X

Cosh[c +dx]
Jidl

x2 <a+bx2)3

Optimal (type 4, 874 leaves, 60 steps):
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Cosh[c +dx] WCosh[c+dx] 7\/FCosh[c+dx} WCosh[c+dx]

— + + —

a’ x 16 (-a)5/2 (ﬁ_ﬁx)z 16 a3 (\/:—\/Fx) 16 (-a)5/2 (\/:H/gx)z

15+/b Cosh [c + @] CoshIntegral [ % -d x]

7+/b Cosh[c +dx] Vb
+ +
162° (V-a + Vb x| 16 (-a)”/?
d? Cosh [c + @] CoshIntegral[@ -d x} 15 \/FCosh [c - @] CoshIntegral[@ +d x}
Vb Vb B Vb Vb
16 (7a)5/2ﬁ 16 (—a>7/2
2 _y-ad J-ad
d? Cosh|c = | CoshIntegral| = +dx] d CoshIntegral [d x] Sinh[c]
+ +
16 (-a)%2+/b a?
7d CoshIntegr‘al[@ +dx]| sinh[c- @] 7d CoshIntegr‘al[@ -dx] sinh|[c+ @]
Vb Vb N Vb b .
16 a3 16 a3
dSinh[c +dXx] dSinh[c +dx]
+ +

16 (-a)5/? (\/—_—\/Fx) 16 (-a)5/2 (\/:+\/Fx)

7 d Cosh [c + @} SinhIntegral [ Jad g x}
Vb Vb

d Cosh[c] SinhIntegral[d x]

a3 16 a3
15+/b Sinh [c + \% ] SlnhIntegr'al[ f? -d x} )
16 (-a)’/?
d2Sinh[c + @] SinhIntegral| Jad g x| 7dCosh|[c- @} SinhIntegral| Jad g x|
I I . I I i
16 (-a)%2/b 16 a°
15+/b Sinh|c - @] SinhIntegral| Yoad g x| d?Sinh[c- @] SinhIntegral| Jead g q
5 G ) IS IS
16 (-a)7/? 16 (-a)52+/b

Result (type 4, 1359 leaves):
1

16a7/2/b x (a+bx2>2

-16a°/2~/b Cosh[c+dx] -50a32b32x2Cosh[c+dx] -30~/a b>2x*Cosh[c+dx] +

16 a°>/2+/b d x CoshIntegral[dx] Sinh[c] + 32 a3/2b%2d x3 CoshIntegral[dx] Sinh[c] +

16 \/a b°/2d x® CoshIntegral[d x] Sinh[c] +x (a+bX2)2COShIntegr~a1[d [J’l Va x ]
Vb
[jL (15b-ad?) Cosh|c - iﬁd} +7+/a /b dSinh|c- j\/?d]] "
Vb Vb
x (a+bx?)? CoshIntegral|d |- iVa +x|]

Vb
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lﬁd] +7\/?\/Fd$inh[c+ lﬁd
Vb Vb

2a°2+/b dxSinh[c+dx] -2a*2b*2dx?>Sinh[c+dx] +

16 a>2+/b dx Cosh[c] SinhIntegral[dx] +32a*2b32d x> Cosh[c] SinhIntegral[dx] +

16/ a b>2dx° Cosh[c] SinhIntegral[dx] +

ivad
Vb
ivad
Vb
iva d
Vb
iva d
Vb
iva d
Vb
ivad
Vb
iva d
Vb
ivad
Vb
iva d
Vb
iva d

i (15b-ad?) Cosh[c +

]

:

i

735/2\mdxCosh[c— } SinhIntegr‘al[d

14 a2 b3/2 d x? Cosh [ c - | sinhIntegralld

7+/a b%2d x5 Cosh [c- | sinhIntegral|d

<

i

15 i a*bx Sinh[c - | sinhIntegral|d

iva

ia®d?xSinh[c- +X

[
|

| sinhIntegral|d (

30 i ab®x®Sinh[c - | sinhIntegral[d

2ia?bd?x?Sinh|c - | sinhIntegral|d

151 b® x> Sinh|c -

| sinhIntegral|d

iab?d?x®Sinh|c- | sinhIntegral|d

ivad

7a%2+/b dxCosh|[c+ | sinhIntegral]

;jé

Vb
i Va d '
14 232 b3/2 d x3 Cosh [c ot Va ] sinhIntegr‘al[

Vb
' d i d
iva ] SinhIntegral[ iva
Vb Vb
ivad i d

| sinhIntegral|

7\/?b5/2dx5Cosh[c+

:

151ia?bxSinh[c+ —dx] +

<

Vb
ivad i

| sinhIntegral|

5

d

ia’®d?xSinh[c+ ~dx] -

<

Vb

i d i d
iVa | sinhIntegral]| iVa
Vb Vb
iva d

Vb

301 ab?x?Sinh[c+ -dx]| +

%

d

i

2ia?bd?x?Sinh[c+ | sinhIntegral| ~dx] -

o
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iva d iva d
15 i b? x® Sinh[c + iVa | sinhIntegral]| iVa ~dx] +
Vb Vb
i d i d
iab?d?x®Sinh|c+ iva | sinhIntegral]| iVa - dx]|
Vb Vb

Problem 78: Result unnecessarily involves imaginary or complex numbers.
Cosh[c +dx]
Ji dx

x3 <a+bx2)3

Optimal (type 4, 791 leaves, 46 steps):
7Cosh[c+dx} B b Cosh[c +dx] B b Cosh[c +dx]

2a3x2 4 32 (a+bx2>2 a3 (a+bx2)

3bCosh[c] CoshIntegral[dx] d?Cosh[c] CoshIntegral|d x]
+

+

at 2 a3
3 bCosh[c + 3@] CoshIntegral[@ - dx] d2 Cosh[c L Va d} COShIntegral[@ fdx]
Vb Vb ) e o
23 16 a*
3bCosh|c - @] CoshIntegral[@ +dx] d?Cosh|[c- @} CoshIntegral[@ +dx]
Vb Jb ) NS =
22 16 a3
QWdCoshIntegral[%+dx} Sinh|c - &d] )
16 (—3)7/2
Vad gy sy L
9+/b dCoshIntegral| v d x| Sinh[c+ > ] dsinh[c s dx]
16 (-a)7/2 52 x

\/b dSinh[c+dx] \/b dSinh[c+dx] 3bSinh[c] SinhIntegral[d x]
. _

+

16 a3 (\/—a —\/FX) 16 a3 (\/—a +\/Fx) a’
V-ad . N-ad
d? Sinh[c] SinhIntegral [d x] X QWdCOSh[C+ NCS }SlnhIntegr-al[ NS dx] i
2a3 16 (-a)’/?
3 bSinh[c s ¥=ad d] SinhIntegr‘al[L’a d _ dx] d? Sinh[c s ¥Y=ad d} SinhIntegr‘al[L’a d —dx]
Vo Vo X Jo Vo
2a" 16 a3
9+/b dCosh|[c- Y-29] sinhIntegral|L-29 . ¢
/b dCosh|c W]ln negr‘a[ﬁ+x]+
16 (73)7/2

3bSinh|c- @] SinhIntegral| Jead g x| d?Sinh[c- @} SinhIntegral| Jead g x|
Vb Vb b Vb

2a* 16 a3

Result (type 4, 998 leaves):

+

+
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1
16 a*

1

x2 <a+bx2)2

2 aCosh[dx]

o
x? (a+bx2)2
2a (dx (4a*+7abx*+3b>x*) Cosh[c] +2 (2a®+9abx*+6b*x*) Sinh[c]) Sinh[dx] +
8 (6b-ad?) (Cosh[c] CoshIntegral[dx] +Sinh[c] SinhIntegral[dx]) -91i \Ja /b d

(2 (2a®+9abx?*+6b®x*) Cosh[c] +dx (4a*+7abx®+3b*x*) Sinh[c]) +

Sinh[c] |Cos]| d | CosIntegral|- d +1dx] - Cos| d | CosIntegral| +idx] +
Vb Vb Vb Vb
Sin| d} SinIntegr‘al[@— idx] —SinIntegr‘al[@Hidx] +241bSinh[c]
Vb Vb Vb
CosIntegral |- d +idx] Sin] d] —CosIntegr‘al[\/?d +idx] Sin[\/?d} +
Vb Vb Vb Vo
Cos [ Va d } (SinIntegr'al [@ -id x] +SinIntegral [ Va d +1d x} J -iad?Sinh[c]
Vb Vb )
(CosIntegr‘al [— d +1id x] Sin [ Va d ] - CosIntegral [ Va d +1d x} Sin [ Va d } +
Vb Vb Vb Vb
Cos[@} (SinIntegr‘al[@ -idx]| +SinIntegral] Va d +1dx]| J -9+/a Vb d
Vb Vb )
Cosh[c] |CosIntegral|- d +1idx] Sin[@} + CosIntegral | d +1dx] Sin[\/a_d] -
Vb Vb Vb Vb
Cos{\/?d} SinIntegr‘al[\/?d -idx] +SinIntegral| +idx]||-24bCosh[c]
Vb Vb Vb
(Cos [ Va d | CosIntegral|- Va d +idx] +Cos| d | CosIntegral] Va d +idx] +
Vb Vb ) Vb
Sin[ﬁd} (SinIntegr‘al[\Ed - jdx} +SinIntegr‘al[ +1‘de] +ad?Cosh[c]
Vb Vb Vb
(Cos [ Vad | CosIntegral|- Vad +idx]| +Cos| d | CosIntegral] Vad +idx] +
Vb Vb Vb Vo
Sin| d ] (SinIntegr‘al [ Vad -idx]| +SinIntegral| +1idx]
Vb Vb Vb

Problem 94: Result is not expressed in closed-form.

x4 Cosh[c +dx]
J—dlx

a+bx3

Optimal (type 4, 373 leaves, 15 steps):
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(-1)%? a2 Cosh[c + HA—2=d kil 4] CoshIntegral| - —24 Valld g x|

Cosh[c +dx] oy s
) b d? i 3 p5/3 -
(—1) 1/3 32/3 cosh [c - 1*—1%} CoshIntegral [7 1—_1% _d x]
3 p5/3 +
a2/3 Cosh [c - a;i%] CoshIntegral [ a;:jsd +d x} xSinh[c +dx]
3 p5/3 * bd -
(-1)%3a2/3 sinh[c + l*—l%} SinhIntegr‘al{l’—l)% “dx]
3 p5/3 +
a??sinh|c - ablllizd] SinhIntegral| a;i;d +dx]
3 p5/3 B
(_1) 1/3 32/3ginh {c - li)%} SinhIntegral [ 1—_1)% +d x}
3 p5/3

Result (type 7, 213 leaves):

- ad? RootSum|a + b1 &,
6 b? d?

= (Cosh[c +d#1] CoshIntegral[d (x - 1) ] - CoshIntegral[d (x -#1) | Sinh[c+d®n1] -
=1

Cosh[c+dn1] SinhIntegral[d (x -#1) | +Sinh[c+dn1] SinhIntegral[d (x-u1)]) &] +

1
a d? RootSum|a + b1® & — (Cosh[c +d 1] CoshIntegral|d (x-=1)] +
o1

CoshIntegral|d (x-#1) | Sinh[c+d1] + Cosh[c+dn1] SinhIntegral[d (x-#1) ] +

Sinh[c+dn1] SinhIntegral[d (x-#1)]) &| +6b (Cosh[c+dx] —deinh[c+dx]>]

Problem 95: Result is not expressed in closed-form.

x3 Cosh[c +dx]
j—dlx

a+bx3

Optimal (type 4, 358 leaves, 14 steps):
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(-1)*?al’3 cosh[c + 1—1&] CoshIntegral| LalPd g x|

pl/3 pl/3
3 b4/3 N

(-1) 2% al/3 cosh|c - 1’—1)%} CoshIntegral |- 1’—1);/13:—1/3‘1 -dx]

3 p4/3 -
1/3 _a¥d
al/3 Cosh|c o ] CoshIntegr‘al[ +dx} Sinh[c+dx]

N _
3 b%/3 bd

(-1) 13 al3sinh|c + 4—1)%} SinhIntegr‘al[l’—l)% - dx]

b4/3 -
al/s Sinh[c - ade] SlnhIntegr‘al[ +dx}

b4/3

(-1)%*al/? sinh|c - (1)2Patld | sinhIntegral [ 1 —2—4 Latld g q

p1/3 p1/3

3 b4/3

Result (type 7, 198 leaves):

1 3
- adRootSum|a + b1’ &

6b2d

—2<Cosh[c +d1] CoshIntegral|d (x - #1) | - CoshIntegral|d (x-#1)] Sinh[c+du1] -
=1

Cosh[c+dnl] SinhIntegral[d (x -#1) | + Sinh[c+dn1] SinhIntegral[d (x-=1)]) &] +
adRootSum|a +b=1® &, % (Cosh[c+dn1] CoshIntegral[d (x-1)] +
pui
CoshIntegral|d (x-#1) | Sinh[c+d1] + Cosh[c+dn1] SinhIntegral|d (x-#1) ] +

Sinh[c+dn1] SinhIntegral[d (x-1)]) & -6bSinh[c+dx]

Problem 96: Result is not expressed in closed-form.

x2 Cosh[c +dx]
j—dlx

a+bx3

Optimal (type 4, 283 leaves, 11 steps):
Cosh[c + 1’—”%} CoshIntegr‘al[i’—l)ﬂ dx]

pl/3
N
3b
Cosh[c - LL2224] coshIntegral |- L0Pald g x|
p1/3 b1/3
N
3b

Cosh|c - ab;d} CoshIntegr‘al[ +dx] Sinh[c+ (L 7ard :::1’3 ] SlnhIntegr‘al[i—)—1 Vatltd g x|

bl/3
- +

3b 3b

+dx] Sinh[c- H—emd 222l d | sinhIntegral[ -t—2—d Palld g x|

pl/3 pl/3

Sinh|c - ab sd} SlnhIntegr'al[

bl/3

+

3b 3b
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Result (type 7, 170leaves):

1 3
— (RootSum|a + b1® &,
6b

Cosh[c+dn1] CoshIntegral[d (x - 1) | - CoshIntegral|d (x-#1) | Sinh[c+d1] -
Cosh[c +dn1] SinhIntegral[d (x -#1) ] + Sinh[c +d#1] SinhIntegral[d (x -u1)] &] +
RootSum|a + b #1° &, Cosh[c+d 1] CoshIntegral|d (x -#1) | +
CoshIntegral|d (x - #1) | Sinh[c+d 1] + Cosh[c+d 1] SinhIntegral|d (x-#1) ] +
Sinh[c+d#1] SinhIntegral|d (x-=1) | &] )

Problem 97: Result is not expressed in closed-form.

x Cosh[c +dx]
J—dlx

a+bx3

Optimal (type 4, 345leaves, 11 steps):

(-1)%7 cosh|[c + 1—_1)%] CoshIntegral| Lnatid g x|

pl/3 pl/3
- +
3 a1/3 b2/3
(-1)% cosh|c - 1’—1%] CoshIntegral|- 1’—1% ~dx]
331/3 p2/3 -
al/3d al/3d
Cosh[c - 4] CoshIntegral|®—* +dx]
bl/3 pl/3

+
3 a1/3 b2/3

(-1)*7sinh[c+ ﬂm] SinhIntegral| 1’—1)::—1/3‘1 ~dx]

pl/3

3 31/3 p2/3

Sinh|c - ﬂ} SinhIntegral| a?d ¢ x|
p1/3 p1/3
.
3 31/3 p2/3
(-1) Y2 sinh[c - l’—l)%] SinhIntegral| l’—l)% +dx|
b/ bt/
3 31/3 p2/3

Result (type 7, 180leaves):

1 3
— |RootSum|[a + b 1> &,
6b

L(Cosh[c+dtt1] CoshIntegral|d (x -#1) | - CoshIntegral|d (x-#1) ]| Sinh[c+du1] -
N Cosh[c +dn1] SinhIntegral[d (x -#1) | + Sinh[c +d#n1] SinhIntegral[d (x-#1)]) &) +
RootSum|a + b 11? &, i (Cosh[c +d 1] CoshIntegral[d (x-1)] +
CoshIntegral|d (x -#1) | Sinh[c+dn1] + Cosh[c+dnl] SinhIntegral|d (x -=1)] +

Sinh[c+d#n1] SinhIntegral[d (x-u1)]) &]
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Problem 98: Result is not expressed in closed-form.

dx

JCosh[c +dXx]

a+bx3

Optimal (type 4, 345leaves, 11 steps):

(-1)** cosh[c + l’—”Lmd] CoshIntegral| L0alPd g x|

b1/3 pl/3
- +
3 g2/3 pl/3
(71) 2/3 Cosh [C _ _(*_1)%] CoshIntegr‘al [7 j*_l)%l/zd _d X]
bY iy
3 32/3 p1/3 *
Cosh[c - #°4] coshIntegral|[ 29 + d x|
p1/3 b1/
N
3 g2/3 pl/3
(-1)*?sinh[c+ l’—l%] SinhIntegral| 1’—1% ~dx]
/ : +
3 g2/3 pl/3
Sinh[c - &} SinhIntegral| a2d g x|
b/3 b1/3

+
3 a2/3 b1/3

(-1)? sinh[c - ﬂm] SinhIntegral| L1)2PatPd g x|

b1/3 bl/3

3 a2/3 b1/3
Result (type 7, 180leaves):

1 3
— |RootSum [a +bl° &,
6b

% (Cosh[c +d 1] CoshIntegral[d (x - 1) ] - CoshIntegral|d (x -#1) | Sinh[c+d®n1] -
ol

Cosh[c +d#1] SinhIntegral|d (x-=1) | +Sinh[c+d#n1) SinhIntegral|d (x-=1) ] ) &| +
RootSum|a + b #1? &, % (Cosh[c+dm1] CoshIntegral[d (x-1) ] +
=1
CoshIntegral|d (x-#1) | Sinh[c+dnl] + Cosh[c+dnl] SinhIntegral|d (x-#1)] +

Sinh[c+d®n1] SinhIntegral[d (x-u1)]) &]

Problem 99: Result is not expressed in closed-form.

dx

JCosh[c +dx]
X (a + bx3)

Optimal (type 4, 303 leaves, 16 steps):

| 37
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Cosh[c + 2222247 CoshIntegral [ FLo"22d g x]

Cosh[c] CoshIntegral[d x] bl/3
a 3a
Cosh|c - i’—l%] CoshIntegral|- 1’—1)::’—1/3‘1 ~dx] Cosh|c- a;;—ld] CoshIntegral| a::/f +dx]
- - : - +
3a 3a
. (-1 1/3 31/3 ¢4 . _1)1/3 31/3 ¢4
Sinh[c] SinhIntegral[d x] Sinh [C * pl/3 ] SinhIntegral [ b1/ -d X]
+ ,
a 3a

Sinh|c - ﬂ} SinhIntegral| a¥’d g x| sinh[c- 1'—1%] SinhIntegral| (1*PaPd g x|
bl/3 bl/3 bl/3 b1/3

3a 3a
Result (type 7, 186 leaves):

1
- — (-6 Cosh[c] CoshIntegral[dx] +RootSum [a+bn1®8&,
6a

Cosh[c+dnl] CoshIntegral|d (x -#1) | - CoshIntegral|d (x - #1) | Sinh[c+dul] -
Cosh[c+dnl] SinhIntegral[d (x -#1) | +Sinh[c+dn1] SinhIntegral|d (x-u1)] &] +
RootSum|a + b1 &, Cosh[c+d 1] CoshIntegral|d (x -#1) ] +
CoshIntegral|d (x -#1) | Sinh[c+d1] + Cosh[c+dn1] SinhIntegral[d (x -#1) ] +
Sinh[c+d#1] SinhIntegral[d (x-#1)] &] - 6 Sinh[c] SinhIntegral(dx])

Problem 100: Result is not expressed in closed-form.

dx

JCosh[c +dx]

x2 (a+bx3>

Optimal (type 4, 381 leaves, 17 steps):

(—1) 2/3 p1/3 cosh [c L entPatid amd} CoshIntegral [ (0atd g x]

3
Cosh[c +dx] pl/3 bl/3
_ i _

aX 3 g4/3

(-1)*? bY/3 Cosh|c - ﬂm} CoshIntegral|- (1)2PatPd g x|

pl/3 pl/3
3 a4/3 N
1/3 al/3d al/?d
b*® Cosh {C T ] CoshIntegr‘al[ pl/3 +d X} d CoshIntegral[d x] Sinh[c]
3 a4/3 i a "
2/311/3 ¢4 (1YV2ald ] s (1)Y2alid
d Cosh[c] SinhIntegral[d x] (-1)*?b*3sinh[c bi/3 | sinhIntegral] b dx]
a - 3 g4/3 !
b'/3 Sinh|c - ﬂ] SinhIntegral| a2d g x|
bl/3 bl/3
3 a4/3 -
(-1) Y3 pl/3sinh|c - 4’—1):3‘3—1’/3‘1} SinhIntegr‘al[l’—l% +dx]

3 a4/3

Result (type 7, 215leaves):
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6 Cosh[c +dx] + x RootSum|a + b #1° &,
6ax

l(Cosh[c +d 1] CoshIntegral|d (x - #1) | - CoshIntegral|d (x-#1)] Sinh[c+d#1] -
" Cosh[c+dnl] SinhIntegral|d (x -#1) | +Sinh[c+dn1] SinhIntegral[d (x-=1)]) &] +
x RootSum|[a + b 1> &, :—1 (Cosh[c +d 1] CoshIntegral|d (x-1)] +
CoshIntegral|d (x-#1) | Sinh[c+d#1] + Cosh[c+d1] SinhIntegral[d (x -#1)] +
Sinh[c+dn1] SinhIntegral[d (x-#1)]) &] -

6 d x CoshIntegral[dx] Sinh[c] - 6d x Cosh[c] SinhIntegral[d x]

Problem 101: Result is not expressed in closed-form.
jCosh[Cerx}

dx
X3 (a+bx3?)
Optimal (type 4, 410leaves, 18 steps):
Cosh[c+dx] d?Cosh[c] CoshIntegral([dx]

+
2 ax? 2a

+

(-1)*? b2 Cosh|[c + ﬂm} CoshIntegr‘al[l‘—lm ~dx]
b?/3 p1/3

3 a5/3

(-1)%7 b?3 Cosh|c - "—1%} CoshIntegral |- L0Pald g x|
b/3 b1/3

3 aS/3

2/3 al/3d al/3d
b%'> Cosh|[c - b3 ] CoshIntegral b d x| dSinh[c+dx] d2?Sinh[c] SinhIntegral|d x]

. _
33%/3 2ax 2a

(_1) 1/3 b2/3 Sinh {c + li)%} SinhIntegral { (-1)Y2a13d -d X}

p1/3

3 a5/3

b?/3 Sinh|[c - al/#] SinhIntegral| &/°d
bl/3 pl/3

+dx}

3 a5/3

(-1)*7 b?3sinh|[c - 1’—1%} SinhIntegr‘al["—l% +dx

3 a5/3

Result (type 7, 237 leaves):
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- ; 3 Cosh[c+dx] - 3d?>x%Cosh[c] CoshIntegral[dx] +
6ax

1
x? RootSum[a + b1 &, - (Cosh[c+dn1] CoshIntegral[d (x-1)] -
=1

CoshIntegral|d (x -#1) | Sinh[c+dn1] - Cosh[c+dn1] SinhIntegral[d (x -#1) ] +
Sinh[c+d 1] SinhIntegral[d (x -#1)]) &] + x* RootSum|a + b1 &,
)

fz(Cosh[c +dn1] CoshIntegral|d (x - #1) | + CoshIntegral[d (x-#1)] Sinh[c+du1] +
=1

Cosh[c +d#1] SinhIntegral[d (x -=1) | +Sinh[c+d 1] SinhIntegral|d (x-=1) ] ) &| +

3dxSinh[c+dx] -3d?>x%?Sinh[c] SinhIntegral[dx]

Problem 102: Result is not expressed in closed-form.

x3 Cosh[c +dx]
J—dlx

(a +b X3) 2
Optimal (type 4, 718 leaves, 23 steps):

x Cosh [c + d X] (-1)*? cosh[c+ i’—lm] CoshIn‘cegr‘al{i’—l)M - dx]

pl/3
3b (a+bx?) 9 a2/3 pa/3 -
(-1)*7 cosh|c - ‘—1):3—”] CoshIntegral |- ﬂ% ~dx]
9 a2/3 ba/3 +
Cosh|c - b1/3 } CoshIntegral [ +dx] d CoshIntegr‘al[ +dx] sinh|c abl;%
g 32/3 p4/3 - 9 a1/3 b5/3 -
(-1)?* d CoshIntegral | 1’—1)% ~dx] sinh[c+ 1;1J;3/3a—“311]
9 al/3 p5/3 *
(71) /3 d CoshIntegral [— 1’—1):/3""—1/36' ~d x} Sinh [c _ ii)%]
9 al/3 p5/3 +
(71> 2/3 4 cosh [c + —(’—1)::/:—1/35‘] SinhIntegral [ 1;1):;;3/33—W _d X]
g 31/3 p5/3 +
(—1) /3 5inh [c + i*—l%] SinhIntegral [ 1;1)% _d x]
9 32/3 b4/3 -
d Cosh|[c - ab/ “4] sinhIntegral [ +dx] sinh[c- ab/ 2d] SlnhIn‘tegr‘al[ Ldx]
* +

gal/B b5/3 9a2/3 b4/3

(-1)*?dcosh[c- 1’—1%] SinhIntegr‘al[i*—lm +dx]

pl/3 pl/3

+
9 a1/3 b5/3

(-1)?sinh[c - ﬂm] SinhIntegral| (1)2PatPd g x|

pl/3 pl/3

9 a2/3 b4/3
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Result (type 7, 363 leaves):
1 6 b x Cosh[c+dx]
18 b? a+bx3

- RootSum|a + b1 &,

% (-Cosh[c+d1] CoshIntegral|d (x-#1) | + CoshIntegral|d (x-1)] Sinh[c+du1] +
=1

Cosh[c+dn1] SinhIntegral[d (x -#1) | - Sinh[c+d 1] SinhIntegral|d (x - 1) ] +

d Cosh[c+d1] CoshIntegral|d (x -#1) | #l -

d CoshIntegral|d (x -#1) | Sinh[c+d#1] #1-d Cosh[c +d 1]

SinhIntegral|d (x-#1) | #1+dSinh[c+du1] SinhIntegral|d (x-=1) ]| =1) &) +
RootSum|a + b #1* &, % (Cosh[c+dn1] CoshIntegral[d (x -#1) ]| +
1

CoshIntegral|d (x -#1) | Sinh[c+d1] + Cosh[c+dn1] SinhIntegral|d (x -#1) ] +

Sinh[c+dn1] SinhIntegral[d (x -#1)] +dCosh[c +d 1] CoshIntegral|d (x -#1) | #1 +

d CoshIntegral|d (x-#1) | Sinh[c+d#1] #1+d Cosh[c +d 1]

SinhIntegral|d (x-#1) | #1+dSinh[c+du1] SinhIntegral|d (x-#1) ]| 1) &]

Problem 103: Result is not expressed in closed-form.

x% Cosh[c +dx]
J—dlx
(a+ bx3)2

Optimal (type 4, 373 leaves, 12 steps):

d CoshIntegral | a:li:d +dx] sinh|c - ﬂ}

Cosh[c +dx] 1
_ . i

3b (a+bx?) 9 32/3 pi/3
(-1)*° d CoshIntegral | 1’—1% ~dx] Sinh[c+ ﬂ%]

9 32/3 p4/3 +
(-1)? d CoshIntegral [ - i*—l% ~dx] sinh[c- 17_1%}

g 32/3 p4/3 +
(-1)*?dcosh[c+ 1’—1%] SinhIntegral| 1’—1% ~dx]

bY vy

9 32/3 p4/3 +

d Cosh|c - ﬂ} SinhIntegral| ad g x|
p1/3 pi/3

+
9 a2/3 b4/3

(-1)*?dcosh|c - ﬁm] SinhIn‘cegr‘al[ii)M +dx|

pl/3 pl/3

9 a2/3 b4/3

Result (type 7, 203 leaves):
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1 6 b Cosh[c +dXx]
18 b? a+bx3

- d RootSum|[a + b#1° &,

% (Cosh[c+dn1] CoshIntegral|d (x - 1) ] - CoshIntegral|d (x -#1) | Sinh[c+d®ul] -
=1

Cosh[c+dn1] SinhIntegral[d (x -#1) | + Sinh[c+d#n1] SinhIntegral[d (x -#1)]) &) +
d RootSum|[a + b 1> &, % (Cosh[c +d 1] CoshIntegral [d (x-m1) |+
ol
CoshIntegral|d (x -#1) | Sinh[c+d 1] + Cosh[c+d 1] SinhIntegral|d (x-#1) ] +

Sinh[c+dn1] SinhIntegral[d (x-1)]) &]

Problem 104: Result is not expressed in closed-form.

x Cosh[c +dx]
J—dlx

(a+bx3)2

Optimal (type 4, 695 leaves, 34 steps):
(-1)%7 cosh[c+ 1’—1%} CoshIntegr‘al["—l)M - dx]

Cosh[c+dx] Cosh[c+dx] oy s
. - +
3abx 3bx (a+bx?) g 34/3 p2/3
(-1)* cosh|c - 1’—1%] CoshIntegral |- 22222 gy
bl/a bl/3
9 4/3 p2/3 -
Cosh [C - &} CoshIntegral [ ﬂ +d X] d CoshIntegral [ al/3’d +d X] Sinh [C ~ a1/3/d }
p1/3 bl/3 b1/ —b1/3
9 34/3 p2/3 B 9ab B

d CoshIntegral | 1’—1)::—1’/3‘1 ~dx] sinh[c+ 1—_1):3a—1/3d}

9ab
d CoshIntegral |- 17_1% “dx] sinh[c- ;i):;iza_“ﬁj]

/ : +

9ab

d Cosh[c + l’—l%] SinhIntegral| i’—l% -dx]
/ / X

9ab
(-1)??sinh[c+ 1’—1%] SinhIntegral| i’—l% ~dx]

9 3%/3 p2/3 -
g coshe 7] sionntegron [ 2 ax] sinh e~ 4] sinhintegrai [ 27 +4x]

bt/ b'/3 b1/3 b1/3
9ab ) 9 a4/3 p2/3 -
d Cosh|[c - 1'—1%] SinhIntegral| i'—l% +dx]
+

9ab

(71> 1/3 ginh [C _ _(M] SinhIntegral [ (1)%Patd +d X]

bt /3 b1/3

9 a4/3 b2/3
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Result (type 7, 387 leaves):
1

18ab (a+bx3)

6 b x> Cosh[c+dx] + (a+bx?) RootSum[a+ b1’ &, 1 (Cosh[c +d 1] CoshIntegral[d (x-1)] -
iy |

CoshIntegral|[d (x -#1) | Sinh[c+du1] - Cosh[c+dn1] SinhIntegral[d (x -#1) ] +
Sinh[c+dn1] SinhIntegral|d (x - 1) ] +d Cosh[c+dnl] CoshIntegral|d (x -#1) | a1 -
d CoshIntegral|d (x-#1) | Sinh[c+d1] #1-dCosh[c+d 1]

SinhIntegral|d (x-#1) | #1+dSinh[c+d#1] SinhIntegral|d (x-u1)]| #1) &] -

(a+bx?) RootSum|a + b1 &, 1 (-Cosh[c+du1] CoshIntegral|d (x-#1)] -
Tl

CoshIntegral|d (x -#1) | Sinh[c+dn1] - Cosh[c+dn1] SinhIntegral[d (x -#1) ] -
Sinh[c+d#1] SinhIntegral[d (x - 1) ] +d Cosh[c+dl] CoshIntegral[d (x -#1) ] a1+
d CoshIntegral|d (x-#1) | Sinh[c+d1] #1+dCosh[c+d 1]

SinhIntegral|d (x-#1) | #1+dSinh[c+du1] SinhIntegral|d (x-#1) ] 1) &]

Problem 105: Result is not expressed in closed-form.

dx

JCosh[c +dXx]

(a+bx3)2

Optimal (type 4, 739 leaves, 36 steps):
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Cosh[c +dx] Cosh[c +dx] 2 (—1) Cosh[c + s ] CoshIntegr'al{ s —dx}
- B +
3abx? 3 b x? (a+bx3) 9 35/3 p1/3
2 (-1)*7 Cosh|c - ﬂ%] CoshIntegral |- 1*—1):3""—1/30‘ - dx]
9 35/3 pl/3 +
2 Cosh|c - a'>d | CoshIntegral| a¥’d g x| dCoshIntegral] al?d | 4 x| sinh[c - &}
bl/3 pl/3 pl/3 p1/3
9a°/3 pl/3 " 9 a4/3 p2/3 -

(~1)* d CoshIntegral [ 1224 dx] sinh[c + L12224 ]

b1/3 b1/3

9 a4/3 b2/3

(~1)*? d CoshIntegral |- L2224 g x| sinn[c - (2222024

p1/3 pl/3

9 a4/3 b2/3

(—1) 2/3 4 cosh [c + —(’—1)%] SinhIntegral [ (-1)¥%aY3d d X]

bl/3

+
9 34/3 p2/3

2 (-1)*?sinh[c+ el ] SinhIntegr‘al[ﬂ% -dx|

pl/3

+
9 aS/3 b1/3

d Cosh [c - a~d } SinhIntegral [ 22 | 4 x] 2 Sinh [c _ a¥3d
bl/3 bl/3 p1/3
9 a4/3 b2/3 - 9 a5/3 b1/3

SinhIntegral a¥d gy
] [ 1/3d }

pl/3

(-1)*?dcosh[c- 1'—1%] SinhIntegral| el gy x|
p1/3

bl/3

+
9 34/3 p2/3

2 (-1)*?sinh|c- ﬁm] SinhIn'tegr‘al[ii)M +dx|

bt/3 p1/3

9 aS/3 b1/3

Result (type 7, 387 leaves):
1

———— |6bxCosh[c+dx] +
18ab (a+bx?)

(a+bx?) RootSum|a + b1 &, % (2Cosh[c+dn1] CoshIntegral|d (x -#1) ] -
ol

2 CoshIntegral|[d (x—ttl” Sinh[c+d#1] - 2Cosh[c +d#l] SinhIntegral|d (x—ml)] +
2Sinh[c +d#1] SinhIntegral|d (x—ttl” +dCosh[c+d#l] CoshIntegral|d (x—ttl)]
111 - d CoshIntegral[d (x -#1) | Sinh[c+d 1] #1 -d Cosh[c+d 1]

SinhIntegral|d (x-#1) | #i1+dSinh[c+d#1] SinhIntegral|d (x-n1)] #1) &] -

(a+bx?) RootSum|a + b1 &, % (-2 Cosh[c+d#1] CoshIntegral|d (x-#1)] -
huy |

2 CoshIntegral|d (x-#1) | Sinh[c+d#1] - 2Cosh[c +d 1] SinhIntegral|d (x-#1)] -
2Sinh[c+d1] SinhIntegral|d (x-#1) | +dCosh[c +d#1] CoshIntegral|d (x - 1) |
1 + d CoshIntegral [d (x—nl)] Sinh[c+d#1] #1 +d Cosh[c + dH1]

SinhIntegral|d (x-#1) | #1+dSinh[c+d#1] SinhIntegral|d (x-#1) | 1) &]
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Problem 106: Result more than twice size of optimal antiderivative.

dx

JCosh[c +dXx]

X (a+bx3)2

Optimal (type 4, 697 leaves, 41 steps):
Cosh[c +dx] Cosh[c +dx] Cosh[c] CoshIntegral[d x]
+

3abx>  3bx3 (a+bx?) a2
Cosh|[c+ u)a_d] CoshIntegral[ﬂWia—W _dx]
b'/? p1/3
3a2
Cosh|c - 1_1)L] CoshIntegral|- (1Patd x]
b2 b1/3
3a?
Cosh|c - - } CoshIntegr‘al[ +dx| d CoshIntegral[ +dx| Sinh|c- %}
3 aZ ) 9 a5/3 b1/3
(-1)* d CoshIntegral | ii)% dx] sinh[c + j*_l)%]
9 g°/3 p1/3 -

(-1)/d CoshIntegral [ - 2" 22d 2d g x| Sinh|[c - el g/2d ]

pl/3 b1/3
9 a5/3 b1/3 i
1/3 (-1)%/2a%/3 4 (-1)%/2a%/3 4
Sinh[c] SinhIntegral [d x] <_1> dCOSh[C * p1/3 } SlnhIntegr‘al[ bl/3 dx]
a? . 9 a5/3 p1/3 "
Sinh[c+ 4’—1):/13:—1’/35'] SinhIntegral| 4’—1);’/13/33—1’/%' ~dx]
3 a?
d Cosh|c - bl } SlnhIntegr‘al[ +dx| sinh[c- ab/ d] SlnhIntegr‘al[ o +d x|
9 35/3 p1/3 - 332 -
(-1)*?dcosh|c - 1—1)%] SinhIntegral| 1’—1):3’”—% +dx]
9 a5/3 b1/3 N
Sinh[c - 4’—1):;/13:—1’/35'] SinhIntegral| 1’—1):’/13:—1’/%' +dx]
3 a?
Result (type 4, 5530 leaves):
sinh SinhIntegral [d x]
inh[c] " -
3173 al/3 d
[(2b1/33 (-1)*? %243 (-1)*?b'?) | -CoshIntegral[d ( +x|] sinh| -
b1/3 b1/3

al/3 al/3
| sinhIntegral|d [ +X

bl/3

Cosh|

1)/ [ 1-2072) 1 (a2 aens)

bl/3
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(21-22 (-1)*% 421 (-1)2/3) bl/3 |- Sinh[dx] LB
pl/3 (_ (_1)1/3 al/3 4 pl/3 x) p2/3
(_1>1/3 al’3 d (_1)1/3 al/’3 d
d {Cosh[} CoshIntegr‘al[——erx} -
p1/3 pl/3
1 1/3 1/3d 1 1/3 1/3d
Sinh[H—a] SinhIntegr‘al[H—a—dx] /
pl/3 pl/3

(3 (71+ (71)”3) (1+ (71)1/3)2a5/3) . (22721 (-1)*2+21 (71)2/3) bl/3

Sinh[dx] 1 13 4 al/3d
- + ——d |Cosh| | CoshIntegral| +dx] -
b1/3 <a1/3 + b1/3 X) b2/3 b1/3 b1/3
) 1/3 ¢ . al/3d 2
Sinh| s | sinhIntegral| s +dx] ]/ (3 (—1+ (_1)1/3) (1+ (_1)1/3) a5/3) .
(22b%2-21 (-1)2 2421 (-1)*2 b2 |- 21nh[d x] P
hl/3 ( (71> 2/3 31/3 | p1/3 x) p2/3

<_1>2/3 al/’3d

b1/3

<_1>2/3 al’3d

b1/3

d |Cosh]| | CoshIntegral| +dx] -

(_1> 2/3 a1/3 d

b1/3

(_1> 2/3 a1/3 d

Sinh|
pl/3

| sinhIntegral| +dx]

/

(3 (1+ (71)1/3)2a5/3) + i (2 b3 -3 (-1)Y2p13 43 (~1)2? b1/3)

_1) 1/6 j1/3 ¢

b1/3

1 1/6 1/3d
+J‘1dx} Sin[—< ) 2 -

(CosIntegr‘al [- "
b

(_1) 1/6 a1/3 d

b1/3

(_1>1/6 al/3 d

Cos|
b1/3

| sinIntegral] - idx]

/

i (30172 (-1)"p12 13 (-1)*3p?3)

((-2+ (-2)*2) (24 (-1)*2) a2022)

71) 5/6 a1/3 d

b1/3

1 5/6 1/3d
+J'1dx} Sin[—< ) 2 -

(CosIntegr‘al [- "
b

<_1> 5/6 a1/3 d

b1/3

_1>5/6 a1/3 d

Cos|
b1/3

] SinIntegral [ -1id x}

+

/ [(1+(-1)"2) a2

CoshIntegral[dx
Cosh[c] g2 [dx] +( 22-21 (-1)*3, 21 (71)2/3)
a
b/3 Cosh [d x] al/3? . al’3d
- —————— -dCoshIntegral [d +x| | Sinh| ] +
a1/3 + b1/3 X b1/3 b1/3
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1/3 al/3

d Cosh SinhIntegral|d + X
] o

1)/

(21722 (-1)*2+21 (71)2/3) pi/3

b1/3

b1/3

2 10 (2] (2 (-1 o)

Cosh[d x] 1 (-1)%3at3 .
+ ——d |CoshIntegral|d |- —————— +x|] Sinh|
pl/3 ((71)1/3 al/3 _pl/3 X) p2/3 pl/3
_1)1/3 q1/3 4 _1)1/3 31/3 4 _1)1/3 413 4
()—a] 7Cosh[()—a] SinhIntegral| (-1)"a -dx] /
b1/3 b1/3 b1/3
(3 (-2+(-1)*7) (2+ (-1)1/3)2a5/3) - [(2 b¥/2 -3 (-1)"2 612+ 3 (-1)7? b1
1/3d a1/3d a1/3d a1/3d
(Cosh[ | CoshIntegral| +dx| -Sinh] | sinhIntegral] +dx| /
3 b1/3 b1/3 b1/3

((-1+(-2)*?) (2+ (—1)1/3)2a2 613 +

(226221 (-1)*2 b2+ 21 (-1)77 612 [ Cosh[dx] -

pl/3 ( (71> 2/3 41/3 | p1/3 X)

_1> 2/3 a1/3 d

b1/3

(_1>2/3 a1/3 d

b1/3

1
—d

CoshIntegral|
p2/3

+dx] sinh|

] _

/

(71>2/3 al/3 g (71>2/3 al’3 d
—] SinhIntegr‘al[—

COSh{ 1/3 1/3
b b

+dX]

(3 (10 (1)) 8] - [ (26723 (-1) 05 03 (-1) 22607

(_1) 1/6 a1/3 d

(_1)1/6 a1/3d
[COS[T] CosIntegral |- ~————

s +]'1dx} +
b
(_1>1/6 a1/3 d

b1/3

(_1> 1/6 a1/3 d
Sin| | sinIntegral| s -idx]

/

(3672-2 (-1)2 b2 43 (-1)2 b22)

([-2+ (-2)*2) (20 (-2)22) a0 -

(_1) 5/6 a1/3 d

b1/3

(_1) 5/6 a1/3 d

| CosIntegral]- s

+]'ldX}+

[Cos[

o im1) Tt ard, (-1)*%atd 1/3)2
Sln[T] SinIntegral| s - idx]| / ((1+ (-1) ) 22 b1/3) .
-Coshc] {Sinhlntegzr‘al [d x] _ ( (2 pl/3_3 <_1> 1/3p1/3 3 (_1>2/3 b1/3)
a
al/3 al’3 g
-CoshIntegral[d [ +x| | Sinh| |+
b1/3 b1/3
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a1/3

Cosh SinhIntegral|d + X
S o

]

]/ ((71+ <—1>1/3) (1+ (71)1/3)2a2 b1/3) .

b1/3

b1/3

Sinh[d x] 1

pl/3 (_ (_1)1/3 al/3 , pl/3 x) : b2/3

{(21-22 (-1)*?+21 (-1)2/3) bl/3 | _

(—1)1/3a1/3d <_1>1/3a1/3d
d |Cosh [ —] CoshIntegral [— — +d x] -
pl/3 pl/3
_1)1/3 31/3 4 _1)1/3 31/3 4
Sinh| ()—a} SinhIntegral| ()—a -dx] /
bl/3 pl/3

(3 (71+ (71)1/3) (1+ (71)1/3)2a5/3) . (22721 (-1)*2+21 (71)2/3) bt/3

Sinh[dx] 1 1/3 g al’3 d _ alg
- + ——d |Cosh| | CoshIntegral| +dx] -Sinh| ]
b1/3 (a1/3 + b1/3 X) b2/3 b1/3 b1/3 b1/3
' al/3 5
SinhIntegral| s +dx] ]/ (3 (_1+ (_1)1/3) (1+ <_1)1/3> a5/3) +

Sinh[d x] 1

pl/3 ((71)2/3 al/3 4 pl/3 x) ’ b2/3

((22 b3 -21 (-1)¥2 b3 421 (-1)?3 b1/3)

(_1)2/3 al/3 d (_1)2/3 al/3 d <_1>2/3 al/3
d [Cosh| | CoshIntegral| +dx] -Sinh[—————]
bl/3 b1/3 b1/3
' (_1>2/3 a1/3d )
SinhIntegral| s +dx] /(3 (1+ <_1>1/3) a5/3) .
i (2 b3 -3 (-1)Y?b'2+3 (-1)%? b1/3) CosIntegrall- w +1idx]
g b1/3
_1)\1/6 31/3 ¢4 _1\V/631/3 4 _1)V/6 3173 4
Sin{()—a] - Cos| 1) "a ] SinIntegr'al[()—a— idx| /
b1/3 b1/3 b1/3

((2+ (-2)*2) (24 (-1)*2)7a2b22) + |4 (36%3 -2 (-1)"3pY3 + 3 (-1)*2p13)

(_1>5/6 al’3 d (—1)5/6a1/3d (_1>5/6 al’3 d

CosIntegral|- +idx]| sin| | -cCos|

]

b1/3 b1/3 b1/3
. (’1>5/6 al’’d . 1/3)2 .
SlnIntegr‘al[T—ldx} / ((1+ (-1) ) 32 b1/3) - Sinh[c]

b/3 Cosh[d x]

a1/3 + b1/3 X

d . a1/3
; | sinhIntegral|d (bl/B +x] ] J ]/

- d CoshIntegral |

{Coshlntegr‘al [dx]
2

) +((22-21(-1)”3+21 (-1)2/3) (

a1/3 d a1/3
+x)]sinh[ | +dcCosh|
b1/3 bl/

{a1/3

b1/3
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(3 (71+ (71)1/3) (1+ (71)1/3)2a5/3 b1/3) ‘ (21722 (-1)%3 421 (71)2/3) pl/3

Cosh[d x] 1 (-1)%2at/3 ,
+ ——d |CoshIntegral|d |- ~———— +x|] Sinh|
pl/3 ((_1>1/3 3l/3 _pl/3 X) p2/3 pl/3

_1)1/3 31/3 4 _1)1/3 31734 _1)1/3 31734

()—a} - Cosh[H—a} SinhIntegr‘al[(>—a -d x] /
b1/3 b1/3 b1/3

(3 -2+ (-1)*2) (14 (-2)72)%a%3) - ((2 bY/2 -3 (-1)*2 b2 43 (1) b1

a1/3d a1/3d al’3d a1/3d
Cosh| | CoshIntegral| +dx] -Sinh| | sinhIntegral| +dx] /

b1/3 b1/3 b1/3 b1/3

((—1+ (-1)1/3) (1+ (-1)1/3)2a2 b1/3) . (22 b3 21 (-1)Y2p23 421 (-1)23 b1/3)

_1) 2/3 a1/3 d

b1/3

Cosh[dx] 1
- —d

- CoshIntegral|
pl/3 ( (71> 2/3 41/3 | p1/3 X) p2/3

+dx] Sinh|

(_1) 2/3 a1/3 d

b1/3

(_1> 2/3 a1/3 d

b1/3

(_1> 2/3 a1/3 d

| - Cosh| s

| sinhIntegral| +dx]

/

(3 (1+ (71)1/3)2‘_35/3) B (2 bl/3_3 (71)1/3 bl/3 . 3 (71>2/3 b1/3)

(71>1/6 al’3 g (71>1/6 al’3 g
Cos| s | CosIntegral|- R +idx] +
1 1/6 1/3 4 1 1/6 1/3 ¢
Sin[Hl—/;} SinIntegral[()l—/j—jdx] /
b b

((71+ (71)1/3) (1+ (71)1/3)2a2 b1/3) - [(3 b3 -2 (-1)¥3p13 43 (-1)23 b1/3)

(*1) 5/6 a1/3 d

b1/3

(71> 5/6 a1/3 d

b1/3

/([ <1>”3)2a2b“3)]] -

(*1) 5/6 a1/3 d

Cos|
b1/3

| CosIntegrall- +idx] +Sin|

(_1> 5/6 a1/3 d

SinIntegr‘al[ s
b

—Jidx}

1 SinhIntegral[dx
= |Coshic] gratldx] [(2b1/33 (-1)*2p¥3 43 (-1)%7 b1/3)
2 a?
1/3 a1/3d
-CoshIntegral|[d [ +x| | Sinh| +
RV b1/3

1/3 a1/3

] sinhIntegral|d (b1/3 +XMJ/ ([-1+(-2)*?) (24 (_1)1/3)232 b1 +

Cosh| s



50 | Mathematica 11.3 Integration Test Results for 6.2.2 (e x)~m (a+b x”n)”p cosh.nb

Sinh[d x] 1

pl/3 (_ (_1)1/3 al/3 , pl/3 x) : b2/3

((21—22 (—1)1/3+21 (_1>2/3) bl/3 | _

(_1)1/3 al’3 d <_1>1/3 al’3 g
d |Cosh [ —] CoshIntegral [— — +d x] -
pl/3 pl/3
_1)1/3 q1/3 4 _1)1/3 313 4
Sinh| ()—a} SinhIntegral| ()—a -dx] /
bl/3 bl/3

(3 (71+ (71)1/3) (1+ (71)1/3)2a5/3) . (22721 (-1)*2+21 (71)2/3) bt/3

Sinh[dx] 1 1/3 g al’3d _ alig
- + ——d |Cosh| | CoshIntegral| +dx] -Sinh| ]
b1/3 (a1/3 + b1/3 X) b2/3 b1/3 b1/3 b1/3
‘ al/3 ,
SinhIntegral| s +dx] ]/ (3 (_1+ (_1)1/3) (1+ <_1)1/3> a5/3) +

Sinh[d x] 1

pl/3 ((71)2/3 al/3 4 pl/3 x) " b2/3

((22 bt/3-21 (1) pt3 421 (-1)%3 b1/3)

(_1)2/3 al/3 d (_1)2/3 al/3 d <_1>2/3 al/3
d [Cosh| | CoshIntegral| +dx] - Sinh[————]
bl/3 b1/3 b1/3
' (_1>2/3 a1/3d )
SinhIntegral| s +dx] /(3 (1+ <_1>1/3) a5/3) .
i (2 b3 -3 (-1)Y2b'2+3 (-1)%7 b1/3) CosIntegrall- w +1idx]
g b1/3
_1)\1/6 31/3 ¢4 _1\V/631/34 _1)1/6 3173 4
Sin{()—a] - Cos| [-1)"a ] SinIntegr'al[()—a— idx| /
b1/3 b1/3 b1/3

([2+ (-2)*2) (24 (-1)*2)7a2b23) + |4 (36%3 -2 (-1)"3pY3 + 3 (-1)*2p13)

(_1>5/6 a1/3d (_1)5/6a1/3d (_1>5/6 a1/3d

CosIntegral|- +idx]| sin| | - cCos|

]

b1/3 b1/3 b1/3
. (’1>5/6 al’d . 1/3)2 :
SlnIntegr‘al[T—ldx} / ((1+ (-1) ) 32 b1/3) +Sinh[c]

b/3 Cosh[d x]

a1/3 + b1/3 X

d . a1/3
; | sinhIntegral|d (bl/B +x] ] J ]/

(21-22 (-1)Y3 421 (-1)2/3) pl/3

- d CoshIntegral |

2

{Coshlntegr‘al [dx]
a

+ ((22_21 (-1)*%. 21 (-1)2/3) (

a1/3 d a1/3
+x)]sinh[ | +dcCosh|
b1/3 bl/

{a1/3

b1/3

(3 (-2 (-1)*7) {1+ (-2)2) a2 020)
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<_1>1/3 a1/3
CoshIntegral|d [— A i x
pl/3

Cosh[d x] 1 q
. —

pl/3 ( (_1) 1/3 J1/3 _ p1/3 X) b2/3

| sinh|

_1)1/3 3134 _1)1/3 31734 _1)1/3 31734
()—a} - Cosh[H—a} SinhIntegr‘al[<>—a -d x] J/
b1/3 b1/3 b1/3
(3 (71 N (71>1/3) (1 N (71>1/3)2 a5/3> _ [ (2 bl/3_3 (71>1/3 bl/3 .3 <71>2/3 b1/3)
al/’3g al/’d g ' al’3d . al/’3 g
Cosh| | CoshIntegral| +dx] - Sinh| | sinhIntegral| +dx] /
hl/3 pl/3 h1/3 bl/3

((71+ (71)1/3) (1+ (71)1/3)2a2 b1/3) . (22 bt/3 - 21 (-1)Y2p23 421 (-1)23 b1/3)

(71) 2/3 a1/3 d

b1/3

Cosh[dx] 1
- —d

- CoshIntegral|
h1/3 ( (71> 2/3 31/3 | p1/3 X) p2/3

+dx] Sinh]

(_1) 2/3 al/’3d

b1/3

(_1>2/3 al/’3d

b1/3

(_1>2/3 al/’3d

| - Cosh| o

| sinhIntegral| +dx]

/

(3 (1+ (71)1/3)2a5/3) B (2 bl/3 _3 (71)1/3 bl/3 3 (71>2/3 b1/3)

(71>1/6 al’3 g (71>1/6 al’3 g

Cos| s | CosIntegral|- s +idx] +
-1 1/6 1/3d 1 1/6 1/3d
Sin[()—a} SinIntegr‘al[()—a—jdx] /
pl/3 pl/3

([~10 (-2)7) (20 (-2)2%) a2603) - [(3b1/32 (-2 22553 (1)22 617

(71>5/6 al’3 d (71>5/6 al’3 d (71>5/6 al’3 d
—] CosIntegral [— ——+1d x] +Sin [ -_
pl/3 pl/3 pl/3

/(e (1)) b”)]]

Cos|

]

(*1) 5/6 a1/3 d

SinIntegr‘al[ s
b

—jdx}

Problem 107: Result is not expressed in closed-form.

x> Cosh[c +d x]
J— dx

(a+bx3)3

Optimal (type 4, 784 leaves, 36 steps):
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(-1)%7d?Cosh|[c+ 4’—1%] CoshIn‘cegr‘al{i’—l)l’/s""—l’/3d ~dx]

x3 Cosh[c+dx] Cosh[c+dx] p1/3 b/

6b (a+bx?)? 6b? (a+bx3) 54 al/3 p8/3

(-1)*?d? Cosh|c - 1’—1&} CoshIntegral |- (1)2Patld ~dx]

bl/3 bl/3

54 al/3 p?/3

d? Cosh|[c - ab/ >d | coshIntegral [ +dx] 2d CoshIntegr‘al[ +dx] Sinh[c - M]

p1/3
54 a1/3 p8/3 + . a2/3 o ~
2 (~1)* d CoshIntegral [ =274 _dx] sinh[c + L127ed ]

27 aZ/3 b7/3

2 (-1)*? d CoshIntegral |- (-1)2Patd ~dx] sinh[c- 1—_1)%}

b1/3 p1/3

27 a?/3p7/3

2 (-1)*?dcosh[c+ i—”—} SlnhIntegral[ii)M dx]

dxSinh[c+dXx] pl/3 pl/3
18b% (a+bX3) ' 27 a2/3 p7/3 *
(-1) 2/3 42 sinh [c+ F—2d ;ﬁi,Bal’/gd | sinhIntegral [ =24 ;ﬁ,aal/zd -dx]

54 31/3 p8/3 *
2dCosh|c - ab’ *d | sinhIntegral [ +dx] d*sinh|c- o } SinhIntegral [ +dx]

- +
27 a¥/3 p7/3 54 31/3 p8/3
2 (-1)*?dcosh|c- i’—l)%} SinhIntegral| Q)% +dx|
N

27 a2/3 b7/3

(71)1/3 d?sinh|[c - 1—1&} SlnhIntegr‘al[M d x|
pl/3 pl/3

54 al/3 p8/3

Result (type 7, 397 leaves):
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; d RootSum|[a + b1 &,
108 b

iz (-4 Cosh[c+dn1] CoshIntegral|d (x-#1) ] + 4 CoshIntegral|d (x-#1) | Sinh[c+dul] +
=1
4 Cosh[c+du1] SinhIntegral|d (x-#1) ] -4Sinh[c+d#1] SinhIntegral|d (x-1)] +
d Cosh[c+d 1] CoshIntegral|d (x -#1) ] #l -
d CoshIntegral|d (x - #1) | Sinh[c+d1] #1-dCosh[c+d 1]
SinhIntegral|d (x-#1) | #1+dSinh[c+d#l] SinhIntegral|d (x-=1)] #1) &] +
d RootSum|[a + b 1> &, % (4 Cosh[c+d1] CoshIntegral|d (x -u1) ] +
pui |
4 CoshIntegral|d (x-1)] Sinh[c+d#1] + 4 Cosh[c +d 1] SinhIntegral[d (x-#1)] +
4sinh[c+d#1] SinhIntegral|d (x—ttl” +dCosh[c+dl] CoshIntegral|d (x—nl)]
t11 + d CoshIntegral[d (x -#1) | Sinh[c+d#1] 11 +d Cosh[c+d 1]
SinhIntegral|d (x-#1) | #n1+dSinh[c+d#1] SinhIntegral|d (x-n1)] #1) &] -
6b (3 (a+2bx?) Cosh[c+dx] +dx (a+bx?) Sinh[c+dx])

(a+bx3>2

Problem 108: Result is not expressed in closed-form.

x*Cosh[c+dx]
j— dx

<a+bx3)3

Optimal (type 4, 1105 leaves, 47 steps):

Cosh[c+dx] x%Cosh[c+dx] Cosh[c+dx]

9ab?x 6b<a+bx3)2 _9b2x(a+bx3)

(-1)*7 cosh|[c + iim] CoshIntegral| Lnald g x|

bl/ 3 b1/3

27 a4/3 b5/3

(-1)*? d2 Cosh|[c+ ﬂm} CoshIntegr‘al["—1)1/33—1’/3d -dx|

p1/3 pl/3
54 a2/3 b7/3

(-1)* cosh|c - l’—”Ll/gd] CoshIn‘cegr‘al[f4*—”2’/3"“—1/ad ~dx]

pl/3 pl/3

+

+

27 a4/3 b5/3

(-1)*7d? Cosh|c - ﬂm} CoshIntegral|- L12Patld g x|

p1/3 bl/3

54 a2/3 b7/3

Cosh|c - ﬂ} CoshIntegral| a¥?d g x| d?Cosh|c- ﬂ} CoshIntegral| a¥2d g x|
p1/3 b1/3 b1/3 b1/3
27 a4/3 b5/3 N 54 a2/3 b7/3 -
d CoshIntegral [ a2d g x} Sinh [c - ﬂ]
p1/3 b1/3
27 a b?
d CoshIntegral | L0Eafd gy x| Sinh[c + ﬂm}

bl/S pl/3

27 ab?
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d CoshIntegral [7 CLPatld x] Sinh [c _ um]

blr/S bl//g
27 a b?
dsinh[c+dx] dCosh [c+ oy | sinhIntegral]| ot -d x|
i +

18b? (a+bx’) 27 a b2

(-1)*?sinh[c+ ﬂm] SinhIntegral| G KLY JLT B x|

pl/3 b1/3

27 34/3 p5/3 *

(_1> 1/3 42 ginh [c N lim} SinhIntegr‘al["—hLl’/3d -d x]

b1/3 p1/3

54 a2/3 b7/3
d Cosh|c - ﬂ} SinhIntegral[®~%.dx| Sinh[c- 2t | SinhIntegral| 224, dx]
pl/3 pl/3 p1/3 Tl/s

- +

27 ab? 27 a4/3 p5/3

d?sinh|c - ﬂ] SinhIntegral|?

1/3 4
b/3 p1/3

+dx}

54 32/3 b7/3

dCosh|c - 4’—1%] SinhIntegral| LnPatld g x|

b/3 bl/3
+
27 ab?
(-1)*?sinh[c- 1’—1%] SinhIntegral| 1’—1% +dx|
b/ b

27 34/3 p5/3 *

(-1)*?d?sinh|c - ﬂm} SinhIntegral| LNt g x|

b1/3 bl/3

54 a2/3 b7/3

Result (type 7, 675leaves):
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1
108 a b3

1
RootSum|a + b #1? &, E (ad?Cosh[c+d 1] CoshIntegral|d (x-1) ] - ad? CoshIntegral |
d (x-u1) ]| Sinh[c+dnl] -ad?Cosh[c+dnl] SinhIntegral[d (x -#1) ] +

ad?sinh[c+dnl] SinhIntegral|d (x-1)] +2bCosh[c+d 1]

CoshIntegral|d (x -#1) | 11 -2 b CoshIntegral|d (x - #1) | Sinh[c+dul] #1 -
2bCosh[c+dul] SinhIntegral|d (x-#1) | #1+2bSinh[c+dnl]

SinhIntegral|d (x-#1) | #1+2bdCosh[c+dnl] CoshIntegral[d (x -#1) | n1%-
2 b d CoshIntegral|d (x—iil)] Sinh[c+d#1] #12-2bd Cosh[c + dH1]

SinhIntegral|d (x - 1) | #12 + 2bd Sinh[c + d #1] SinhIntegral[d (x—ttl” =1?) &| -

1
RootSum|a + b #1® &, - (-ad®Cosh[c+dn1] CoshIntegral|d (x-=1) ] -
o1

ad” CoshIntegral[d (x - 1) ] Sinh[c+d 1] - ad?Cosh[c +d 1]
SinhIntegral|d (x-#1) ]| -ad?Sinh[c+d#1] SinhIntegral|d (x-#1) ] -
2bCosh[c+dwul] CoshIntegral|d (x-#1) | 11 -2b CoshIntegral|d (x - 1) |
Sinh[c+d 1] #1-2bCosh[c+du1] SinhIntegral|d (x-#1) ] #1-2bSinh[c+dwl]
SinhIntegral|d (x-#1) | #1+2bdCosh[c+dnl] CoshIntegral[d (x -#1) | 1%+
2b d CoshIntegral|d (x—ttl)] Sinh[c+dnl] #1%2 + 2bd Cosh[c + d 1]
SinhIntegral|d (x -#1) | #1%+2bdSinh[c+d#1] SinhIntegral|d (x - #1) | #1?) &] +
6bCosh[dx] (bx? (-a+2bx?) Cosh[c] -ad (a+bx?) Sinh[c])
.

(a+bx3)2
6b (-ad (a+bx?) Cosh[c] +bx? (~a+2bx?) Sinh[c]) Sinh[d x]

(a+bx3)2

Problem 109: Result is not expressed in closed-form.

x3 Cosh[c +dx]
J—dlx

(a+bx3)3

Optimal (type 4, 776 leaves, 71 steps):
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Cosh[c+dx] xCosh[c+dXx] Cosh[c +dx]

18 a b2 x2 6b(a+bx3>2 18b2x2(a+bx3)

(-1)*? cosh[c + ﬂm] CoshIntegral| Lnald x|

bl/3 bl/3

27 a5/3 b4/3

d? Cosh|[c + M} CoshIntegral| Lnalfd g q

pl/3 pl/3
.
54 a b?
(-1)*? cosh|c - 1’—1%] CoshIntegral|- 3’—1% ~dx]

27 a5/3 b4/3

d? Cosh|c - 1—1&} CoshIntegral |- --—2—d aild g x|

b1/3 bl/'3
.
54 a b?
Cosh|c - ab’ d} CoshIntegr‘al[ +dx] d?Cosh|c- " } CoshIntegr‘al[ +dx]
- +
27 a°/3 p4/3 54 a b?
1/3 s _1)1/3 a1/3 d . _1)1/3 al/z d
dSinh[c+dx] dSinh[csdx] (1) sinh[c+ FHm=S] sinhIntegral [ "85 - d x|
- + +
18 a b2 x 18 b x (a+bx?) 27 a®/3 b4/3
d?sinh|c+ 1’—1)%} SinhIntegral| 1’—1);’;}:—1’/3‘1 -dx]
N
54 a b?
Sinh|c - - } SinhIntegral [ +dx] d?*sinh|c- ab’ >d ] SlnhIntegr'al[ +dx]|
/ _ +
27 a°/3 p4/3 54 a b?
(-1)? sinh[c - l’—l)::‘—l’/sd] SinhIn‘cegr‘al[4’—1):13/3""—1/3 +dx]

27 a5/3 b4/3

d? sinh [c - 1’—1)2;33#} SinhIntegral [ L1ty x]
bY/ bY/3

54 a b?

Result (type 7, 429 leaves):
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1
- RootSum|a + b #1? &,
108 a b?

iz (-2 Cosh[c+d#1] CoshIntegral|d (x-#1) ] + 2 CoshIntegral|d (x-#1) | Sinh[c+dul] +
=1

2 Cosh[c+dwl] SinhIntegral|d (x -#1) ]| - 2Sinh[c+du1] SinhIntegral|d (x-#1) ] +

d®> Cosh[c +d 1] CoshIntegral|d (x-n1) | #1? -

d® CoshIntegral|d (x-1)] Sinh[c+d 1] 112 - d? Cosh[c + d #1]

SinhIntegral|d (x - #1) | #1% + d®> Sinh[c + d #1] SinhIntegral|d (x - #1) | #1?) &] +
RootSum[a + b #1? &, % (-2 Cosh[c+d#1] CoshIntegral [d (x-1)] -

e

2 CoshIntegral|d (x-#1) | Sinh[c+d 1] - 2 Cosh[c +d 1] SinhIntegral|d (x-#1) ] -

2Sinh[c+dn1] SinhIntegral|d (x - #1) | +d? Cosh[c +d 1] CoshIntegral[d (x - 1) |

111% + d*> CoshIntegral [d (x - #1) ] Sinh[c +d#1] #11% + d* Cosh[c + d #1]

SinhIntegral|d (x - #11) | #11% + d®> Sinh[c + d #11] SinhIntegral|d (x - #1) | #11?) &] -
6bx ((-2a+bx?) Cosh[c+dx] +dx (a+bx?) Sinh[c+dx])

(a+bx3)2

Problem 110: Result is not expressed in closed-form.

x? Cosh[c +dx]
J—dlx

(a+bx3)3

Optimal (type 4, 781 leaves, 37 steps):
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2/3 42 (-1)¥2al3d (-1)Y2al3d
Cosh[c +dx] (-1)*7 d? Cosh|[c+ s | CoshIntegral] - d x|

+

76b <a+bx3)2
(71)1/3 d? Cosh|[c - 4’—1&} CoshIntegral |- ﬂm—dx}

54 a4/3 b5/3

pl/3 pt/3
+

54 a4/3 b5/3

4 dx] dCoshIntegr‘al[a/ ¢+ dx]| sinh|[c- %]

+

2 _ aY/3d
d? Cosh | c o ]CoshIntegr‘al[

54 a4/3 b5/3 27 a5/3 b4/3

_1\1/3 1/3 . _1)1/3 51/3
L —ad g x| sinh[c+ =]

pl/3 pl/3

(-1)* d CoshIntegral |

27 a5/3 b4/3

171)2/3 al/3d . 112/3 al/3 4
-dx] Sinh[c - ] dSinh[c+dx]

p1/3 pl/3
+ _

27 a®/3 43 18 a b2 x2

(-1) 2% d CoshIntegral |-

(-1)*?dcosh|[c+ H—ad atd | sinhIntegral[ - —a=d Calld g x|

pl/3 p1/3

27 a5/3 b4/3

dSinh[c +dXx]
.
18b%x? (a+bx?)
(—1)2/3 d?sinh|c+ 1’—1%} SinhIntegr‘al["—lm -dx]

pl/3 pl/3
+

54 a4/3 b5/3

} SlnhIntegr'al[a’ d+dx| d?sinh[c- b1’3 } SlnhIntegr‘al[ 4 dx]

+
54 a4/3 b5/3

d Cosh|c -

27 a5/3 b4/3 i

(-1)*?dcosh|c - 1—1&] SinhIntegral| LnPald g x|
b1’/3 bl//3

27 a5/3 b4/3

(71)1/3 d? Sinh[c - 1—1&} SlnhIntegr‘al[M dx]

p/3 pl/3

54 a4/3 b5/3

Result (type 7, 423 leaves):
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1
108 a b?

d RootSum|a + b =13 &, iz (2Cosh[c+d1] CoshIntegral|d (x - 1) | - 2 CoshIntegral|d
ol
(x-#1) ] Sinh[c+d#n1] - 2Cosh[c+dl] SinhIntegral|d (x-#1) ] +
2sinh[c+dn1] SinhIntegral|d (x -#1) | +dCosh[c+d#1] CoshIntegral|d (x - 1) |
#1 - d CoshIntegral [d (x —ttl” Sinh[c+d&1] #1 -d Cosh[c +dtl]
SinhIntegral|d (x-#1) | #1+dSinh[c+du1] SinhIntegral|d (x-#1) ]| =1) &) +
d RootSum|[a + b 1> &, % (-2 Cosh[c+d#1] CoshIntegral[d (x-1)] -
=1
2 CoshIntegral|d (x—nl)] Sinh[c+d#1] - 2Cosh[c+du1] SinhIntegral|d (x—iil” -
2Sinh[c +d#1] SinhIntegral[d (x—ttl)] +dCosh[c+d#1] CoshIntegral|d (x—ttl”
1+ d CoshIntegral|d (x -#1) | Sinh[c+d 1] #1+d Cosh[c+d 1]
SinhIntegral|d (x-#1) | #1+dSinh[c+d#1] SinhIntegral|d (x-n1) | #1) &] -
6bCosh[dx] (-3aCosh[c] +dx (a+bx?) Sinh[c])

(a+bx3)2
6b (dx (a+bx3) Cosh[c] -3aSinh[c]) Sinh[dx]

(a+bx3>2

Problem 111: Result is not expressed in closed-form.

X

X Cosh[c +dx]
J—dl

(a+bx3)3

Optimal (type 4, 1147 leaves, 89 steps):
Cosh[c+dx] 2Cosh[c+dXx] Cosh[c +dx] Cosh[c +dx]
- +

18 a b2 x* 9a2bx 6bx(a+bx3)2+18b2x4(a+bx3)

2 (-1)*? Cosh|[c + i;lm] CoshIntegral| Lnald X]
bl/3 p1/3

27 a7/3 b2/3 i

(-1)*? d2 Cosh|[c+ "—”M} CoshIntegr‘al["—l)Ll’/3d ~dx]

pl/3 pl/3
54 a5/3 b4/3

2 (-1)*? Cosh|c - i’—”M] CoshIntegral |- LNad d x|

+

bl/3 p1/3 1
27 a’/3 p2/3 - 54 a5/3 p4/3
-1)?3a134d _1)2/3 4173 ¢4
(-1)%7a Cosh[c_g] CoshIntegral|- (-1) ~dx] -
b1/3 p1/3
2 Cosh|c - ﬂ} CoshIntegral| a’d g x| d2Cosh[c- a2d | CoshIntegral| al?d | g x|
bl/z' bl/ 3 bl/ 3 b1/3
27 37/3 p2/3 - 54 35/3 p?/3 B

//3

d+dx} Sinh[c—ﬂ]

2d CoshIntegral | T

al
b

27 a’b
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2d CoshIntegral | NP ad g x| Sinh[c+ L1ad]

b1/3 bl/3
27 a’b
_1)2/331/3 ¢ . _1)2/331/3 4
2 d CoshIntegral |- 1—)—b1/3 -dx] Sinh[c - 1—)—b1/3 ] dsinh[c+dx]
N _
27 a’b 18 ab? x3
1 1/3 a1/'3 d . 1 1/3 al/3 4
dSinh[c+dx] 2dCosh|c + 1—>—b1/3 | sinhIntegral| 1—>—b1’/,3 -dx]
+ +

18b? X3 (a+bx?) 27 a’b

2 (-1)*?sinh[c+ ﬂm] SinhIntegr‘al[i’—lm ~dx]

b1/3 b1/3

27 a’/3p?/3

(*1) 13 d2 sinh [C + "—”M} SinhIntegr‘al["—l% -d x]

pl/3 bl

54 a5/3 b4/3

2dCosh|c - ﬂ] SinhIntegr‘al[ﬂ +dx]

pl/3 pl/3

27 a’b

2Sinh|[c- al’/;d | sinhIntegral[®—%+dx] d2Sinh[c- %} SinhIntegral| al;/;d +dx|

1/3
bY/

bt B b
27 a7/3 p2/3 54 35/3 pa/3
2d Cosh [c - 1’—1%] SinhIntegral [ 1—_1)% +d x]
b b
.
27 a%b
2 (-1)*?sinh[c - e :13:1’3"] SinhIntegral [ t-1-—2—d ;’i:llsd +dx]

27 a7/3 b2/3

(—1)2/3 d2 sinh {C _ j—_l)M} SinhIntegr‘al["—l% +d X]

pl/3 pl/3

54.2%/3 b3

Result (type 7, 669 leaves):
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1

108 a2 b?

1
RootSum|a + b #1? &, E (-ad*Cosh[c+dn1] CoshIntegral|d (x—iﬁl” +ad? CoshIntegral |
d (x-u1) ]| sinh[c+dnl] +ad? Cosh[c+dnl] SinhIntegral[d (x -#1) ] -

ad?sinh[c+dnl] SinhIntegral|d (x-1)] +4bCosh[c+d1]

CoshIntegral|d (x -#1) | 111 -4 b CoshIntegral|d (x - #1) | Sinh[c+dnl] #1 -
4bCosh[c+dul] SinhIntegral|d (x-#1)] #1+4bSinh[c+du1]

SinhIntegral|d (x-#1) | #1+4bdCosh[c+dnl] CoshIntegral[d (x-#1) | n1®-
4bd CoshIntegral|d (x—iil)] Sinh[c+d#1] #12-4bd Cosh[c +dH1]

SinhIntegral|d (x - 1) | #12 + 4bd Sinh[c + d #1] SinhIntegral[d (x—ttl” =1?) &| -

1
RootSum|a + b #1® &, - (ad?Cosh[c+dn1] CoshIntegral[d (x-1)] +
o1

ad” CoshIntegral[d (x - 1) ] Sinh[c+d 1] +ad?Cosh[c +d 1]
SinhIntegral|d (x -#1) | +ad?Sinh[c+d#1] SinhIntegral|d (x-#1) ] -
4bCosh[c+dul] CoshIntegral|d (x-#1)] #1-4b CoshIntegral|d (x-=1) ]
Sinh[c+d 1] #1-4bCosh[c+du1] SinhIntegral|d (x-#1) | #1-4bSinh[c+dl]
SinhIntegral|d (x-#1) | #1+4bdCosh[c+dnl] CoshIntegral[d (x-#1) | 1%+
4bd CoshIntegral|d (x—ttl)] Sinh[c+dnl] #1%2 +4bd Cosh[c + d 1]
SinhIntegral|d (x-#1) | #1%+4bdSinh[c+d 1] SinhIntegral|d (x - 1) | #1?) &] +
6bCosh[dx] (bx* (7a+4bx?) Cosh[c] +ad (a+bx?) Sinh[c]) +
(a+bx3>2
1
(a+bx3)2
6

b
(ad (a+bx’) Cosh[c] +bx* (7a+4bx?) Sinh[c])

Sinh[d x]



62 | Mathematica 11.3 Integration Test Results for 6.2.2 (e x)~m (a+b x”n)”p cosh.nb

Summary of Integration Test Results

111 integration problems

A - 69 optimal antiderivatives

B - 3 more than twice size of optimal antiderivatives
C - 22 unnecessarily complex antiderivatives

D - 17 unable to integrate problems

E - Ointegration timeouts



